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for a soft group over a group and show that several of the crisp theoretic results naturally extend to these new
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I. INTRODUCTION

Ever since Molodtsov[3] introduced the concept of a soft set over a universal set as an alternative in the
theories of uncertainties, several mathematicians started imposing and studying algebraic, topological and
topologically algebraic structures on them. In fact, a soft set is nothing but pair (F,E) where F: E — P(U) is a
mapping, E is a set called the parameter set and U is a set called the universal set. In other words, a soft set over
a set U is a parametrized family of subsets of a universal set U. For example, when E is the set of parameters
{red, blue, green,2 — door, sedan, hatch_back} for some set of cars U in a Car Lot, for the parameter e =
red in E, the set of all red cars in U, for the parameter e = blue in E, the set of all blue cars in U, ... define a soft
set over U.

Now a soft group over a group G, is any soft set (F, E) over the underlying set of the group G where
F:E — P(G) is a mapping such that for each e in E, F(e) is a subgroup of G. Just as a soft set over a set U is a
parametrized family of subsets of the set U, a soft group over a group G is a parametrized family of subgroups
of the group G. In fact, more generally, the notion of soft object over a crisp object U is a beautiful natural
generalization of the crisp sub object, as the collection of all non-empty soft objects over U with a given
parameter set over a given crisp object is in one-one correspondence with the collection of all crisp sub objects
of the given object if the parameter set is a singleton. Notice that the empty soft object is the unique one with the
parameter set, the empty set as, for a soft object (F, E) over an object U, E is empty implies F is empty.

Although soft sets are existing since their inception in 1999, interestingly soft maps didn’t appear until
2011.

Noting that every soft set requires a universal set U, a parameter set E and a map F: E — P(U) and any
three of them determine a soft set, Murthy-Maheswari[9] generalized the notion of soft set to that of a
Generalized soft set as a triplet (4,F,P(U)) and the notion of soft map to that of a Generalized soft map,
(f,9): (A, F,P(U)) - (B,G,P(V)) where f:A— B is any map and ¢:P(U) - P(V) is any complete
homomorphism, deriving several of their mapping properties from the generalized fuzzy sets and generalized
fuzzy maps developed in Murthy[8] of 1997.

Now, Murthy-Gouthami[12] used the above notion of generalized soft (sub) set and introduced the
notions of generalized soft group, generalized soft (normal) subgroup, generalized soft quotient group etc.,
generalizing the corresponding notions of a soft group over a group and showed that several of the crisp
theoretic results naturally extended to these new objects too.
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Now our aim in this paper is to introduce the notions of generalized soft homomorphism of generalized
soft groups, generalized soft (inverse) image of generalized soft (normal) subgroup under generalized soft
homomorphism, generalized soft kernel of a generalized soft homomorphism etc., generalizing the
corresponding existing notions for a soft group over a group and show that several of the crisp theoretic results
naturally extend to these new objects too.

According to[1] for any pair of soft sets (U, A) and (V, B), (i) a soft map is any pair (u,p), where
uw:U -V and p: A - B are mappings. (ii) for any soft set (W, C) in (U,A), the soft image of (W, C) under
(u, p), denoted by (u, p)(W, C), is defined by the soft set (Z, D), where D = pC and Zd = U uW (p~'d nC) =
u(U W(p~td n C)). (iii) for any soft set (Z,D) in (V, B), the soft inverse image of (Z, D) under (u, p), denoted
by (u, p)~1(Z, D), is defined by the soft set (W, C), where C =p~'D and Wc =u~1Zpc.

According to [15] a soft mapping is defined as follows: let S(X,A) and S(Y, B) be the families of all
soft sets over X and Y respectively. (iv) The mapping f,,: S(X, A) — S(¥, B) is called a soft mapping from X to
Y, where f: X - Y and y: A — B are two mappings. Also (v) the image of a soft set (F,A) € S(X, A) under the
mapping f, is denoted by f,,[(F, A)] = (f, (F), B), and is defined by

Ugey-1p) [FIF@]] if p~1(B) # ¢
[fp(F)IB) =1 ¢ otherwise, forall € B

(vi) the inverse image of a soft set (G,A) € S(Y,B) under the mapping f,, is denoted by fll,‘l[(G, B)] =
(fw‘l(G),A), and is defined by [fdjl(G)](a) = fYHG[Y(a)]), for all « € A. (iii) The soft mapping fy s called
injective (surjective) if f and i are both injective (surjective). (vii) The soft mapping f,, is identity soft
mapping, if f and i are both classical identity mappings. Further, they showed that (inverse) image of a (fuzzy)
soft (normal) subgroup is a (fuzzy) soft (normal) subgroup.

On the other hand, Murthy-Maheswari[9] generalized the notions of soft set over a universal set to that
of a generalized soft set, introducing generalized soft subset and soft map between soft sets to that of a
generalized soft map between generalized soft sets possibly with different universal sets, introducing
generalized (inverse) image for generalized soft subsets. Later on we will see that the above definitions are
special cases of generalized (inverse) image under generalized soft map.

I1. PRELIMINARIES
In what follows we recall some basic definitions in the theory of Sets, Groups, Soft Sets, Soft maps,
Generalized soft sets, s-map, and s-(inverse) images which are used in the main results.

(A) Sets and Maps: In order to make the document more self contained we begin with recalling some
elementary notions and results in the theory of sets and groups: Forany map f: X - Y, (1) f~1fX = X (2) for all
a,bin X, a~ b iff fa = fb is an equivalence relation on X with egivalence classes (f~'fa),cy, also called
kernel classes (3) for any subsets A€ X, BCY, fAC B iff A< f~1B (4) for any subset A of X, AC f~1fA
(5) for any subset B of Y, ff~1B € B (6) for any pair of subsets 4, C of X, A € C implies fA € fC (7) for any
pair of subsets B, D of Y, B € D implies f~'B € f~1D (8) f is surjective iff B = f f~1B for any subset B of Y.

(B) Power Sets and Power Maps: (1) Since for each u in U, u can be identified with {u} in P(U), U can be
naturally regarded as a subset of P(U). Hence, we do not make any distinction between u and {u} and write u in
place of {u}. Consequently, any F:P(U) - P(V) naturally defines the restricted function F|U:U — P(V).
Further, capital letters like A, B, C, D indicate elements of power set. Consequently, FA is a member of P(V) and
F~1B is the subset {A/FA = B} of P(U). (2) for any map ¢:U — V, there is a natural extension map
P(¢): P(U) - P(V) defined by P(¢)(A) = ¢p(A) for each element A in P(U) where ¢ (A) is the image of the
subset A contained in U under ¢. (3) Now F is said to be preserving iff F|U maps U into V.

Here onwards we denote empty set by @.

Notice that P(F|U) need not equal F on P(U), as shown in the following example:

Example 1: Let U={x, y}, V={a, b} and F: P(U) - P(V) be given by F ={(x, a), (y, @), ({x, v}, b),

(@,E)}. Then F|U:U - Vis {(x, ), (v, @)}, P(FIU)({x,y}) = {a} # {b} = F({x, y}).

(4) Hence F: P(U) — P(V) is said to be extended iff F = P(F|U). In other words F is an extension of F|U. In
this case, most of the times the base map F|U is denoted simply by F,.

(5) Observe that (i) if F extends two base maps ¢ and ¥ then ¢ =1 because for any u in U, ¢p(u) = P(¢)({u})
= F(w) = P@)({u}) = Y(u) or ¢ = . (ii) even if F:P(U) - P(V) is preserving, as shown in the above
example, F need not equal P(F|U).

DOI:10.9790/1813-0812020117 www.theijes.com Page 2


http://www.theijes.com/

Generalized Soft Group Homomorphisms

(6) Further, for all F: P(U) — P(V) such that F is extended,

(i)forall Ac U, P(FIU)(A) = (F|U)(A) = Fy(4).

(if) F maps the element & in P(U) onto the element & in P(V) or F(®) = @ and the inverse image of the element
in P(V) is the element @ in P(U) or F~1{@} = {@}. In other words F preserves and reflects empty subsets
whenever F is extended

(iii) for all b € V such that Fy'h = B, we have F~1B = & for all B € P(V) such that b€ B, as A€ F™1B
implies FA=B; b € B =FA = FyA implies there is a € A such that Fya = b or a € F;'B, contradicting F5 b
is empty. In particular, if for all b € B Fy1b =B then F~1B =0,

(iv)(@) Always, for all B € P(V), UF~1B C F;1B as, if F~1B is empty then the left hand side is empty giving
the containment and if F~1B is non-empty then for all A € F~1B, F,A = FA = B which implies F;A = B which
in turn implies A € Fy1F,A = F;1B implying U F~1B € Fy1B as required.

The following Example shows that the above containment can be proper:

Example 2: Let U={x,y,z}, V={a,b,c} and F:P(U) - P(V) be given by F= {(x,a), (y,b), (z,b),
({x, y}.{a, b}), ({x, 2}, {a, b}), ({y, z}, b), (U,{a, b})}. Then Fy: U — V is {(x, a), (¥, b), (2, b)}-

Let B={b,c}. Then F"'B=0,UF 'B=0,F;'B ={y,z} implyingu F'B =0 & {y,z} = F; 'B.

(b) On the other hand, for all B € P(V) such that F~1B #0, we have F;1B € U F~1B. If B = B then we have
equality and so let B = . Also, if F; 1B = @ then also we are done and so let F; 1B = Bl

Now let B, = {b € B/F;'b #0B}. If B, = B then for all b € B F;'b = B then F~1B = @, by 6(iii) which is not
the case. So, B, #[.

Now for all b € By, B# Fy'b € F~'b or F~'b #@ and so FF~'b = {b}. Let Ay = Upep, F~'b. Then FA, =
F(Upep, F~'b) = Upep, FF~'b = Upep, b = B, S B implies FA, = B,

Now F~1B =@ implies for some A; € P(U) FA; =B.Let A=Ay, UA;. Then FA=FA,UFA, =B, UB =B.
Now we show that F;'B CU F~B. Let a, € F;'B. Then Fya, = b, € B which implies a, € Fyby = F~1h, N
U < F~1b, which in turn implies Fy b, #B or by € B, and a, € F~'by S Ay S A € Upy_g A= UF7 B or
Fy'B CUF1B.

(c) Clearly, from (a) and (b) above it follows that for all B € P(V), if F~B = B then we have U F~1B = F; B
and if F~1B = @ then we have U F~1B =B C F; 1B and in particular if B =B thenU F~1 B =@ = F; ! @.

Example 3: Let X = {x,y,z,t},Y = {a,b,c}.Then P(X) = {¢,x,y,z,t,{x, vy}, {x, z}, {x, t}, {v, 2z}, {y, t}, {z,t},
oyt {ztx) v,z t} {x,y,z}, XYand P(Y) = {¢, a,b,c,{a,b},{b,c},{c,a},Y}. Now let F = {(@,R),

(x, @), (y,a),(z,¢), (t,b),({zt},{b,c}), (v, t}, {a, b}), ({y, z}. {a, c}), ({x, t}, {a, b}), ({x, z}, {a,c}),

({x, ¥y} {a}h), ({x, y, t}, {a,b}), ({x, .2}, {a,c}), (¥, z,t},Y), ({z x, t},Y), (X, Y)}.

Then (i) Fp: X = Y is {{(x, )}, {(y,a)},{(z,c)}, {(t,b)}} (ii) for any element A in PX, F(A) = F,(A) where
Fy(A) is the image of the subset A € X in Y under F, (iii) F~1 B = {@}, F7'Y = {X,{z,x,t}, {y,z, t}}, F{c} =
{z}, F7{b} = {t}, F"Y{a} = {x,y}, F7'{b,c} = {zt}, F{a b} = {{xt},{y.t} {x,yt}}, F'{ac} =
{y,z},{x,z}, {x,v,2z}}. (iv) Observe that, F;'Y = X, F;'¢ = ¢, Fy'{a,b} = {x,y,t}, F;{b,c} = {z,t},
FyY{a,c} ={x,y,z} and F;* B = B = U F~1 @ . Therefore for all B in P(Y) such that F~1B #B, UF~1Z =
Upaez A =F51Z.

In what follows we show that the statements in (6) are not necessarily true if F: P(U) — P(V) does not extend
Fy=F|U:U -V

First observe that even when F: P(U) — P(V) extends F, = F|U:U — V, since F maps the element @ in P(U)
onto the element @ in P(V) or F(@) = &, clearly, e F~1{@A} cu F~{@} where as F; ! @ = @ the empty set or
(6) isnottruefor@ =B C V.

Next as can be seen in Example 1 for an F: P(U) = P(V) even if F|[U maps U into V, F need not
extend F|U.Even if F: P(U) — P(V) is such that F, = F|U maps U into V, when F does not extend F,, F need
not map the element & in P(U) onto the element & in P(V) or F(&@) *@ and/or the inverse image of the element
in P(V) need not be the singleton set consisting of the element @ in P(U) or F~1({@}) # {@} as shown in the
following example:

Example 4: Let U={x, y}, V={a, b} and F: P(U) - P(V) be given by F= {(x, a), (v, b), ({x, y},B), (8,{a, b})}.
Then F|U:U = V is {(x, a), (¥, b)}, F does not extend F|U because F ({x,y}) = B# {a, b} = F,({x, ¥}).

Clearly, F(R) = {a, b} #8 and F~1({@}) = {{x, y}} # {B}.

(d) For any map F: P(U) — P(V) such that F is extended, the following are true:

1. F, is onto iff F is onto as: for any B € P(V) and for any b € B, b = Fya for some a € U or Fy1b #0@; A =
Upep Fgtb implies F(A) = FyA = Fy(U,eg F31b) = Upep FoFy b = B or F is onto;
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F, is not onto implies there is a b, in V such that F; b, = B which by 6(iii) above implies for all super sets B in
P(V) with b in B have F~1B = B, contradicting F being onto.

2. F ismonotonic as, A € B < U implies F(A) = F,(A) € F,(B) = F(B).

3. whenever Fisonto C € D € V impliesU F"1C CUF~'Das, UF~1C = F;1C € F5'D =U F1D.

In what follows we show that the above statement is not true if F is not onto:

In Example 2 above let C ={b}, D ={b,c}. ThenC S D but U F'C ={y,z} g B =U F'D.

(C) Groups: (i) In any group G, arbitrary intersection of (normal) subgroups is a (hormal) subgroup; for any
pair of (normal) subgroups 4, B of G, A is a (normal) subgroup of B iff A is a subset of B. (ii) The following are
true for any group homomorphism ¢:G — H: Ker¢p < C and C is a subgroup of G imply ¢~1¢C = C; E is a
subgroup of G and A is a (normal) subgroup of C imply E N A is a (normal) subgroup of E n C; A is a (normal)
subgroup of C implies ¢A is a (normal) subgroup of ¢C; B is a (normal) subgroup of D implies ¢ 1B is a
(normal) subgroup of ¢~1D; A is normal subgroup of G implies 4 is a (normal) subgroup of ¢ 1A and ¢p 1A
is normal subgroup of G; B is subgroup of H implies ¢p¢p~1B is a subgroup of B (however, if B is a normal
subgroup of H, as can be seen in i: H, - A, the inclusion homomorphism, B = A,,i i~*B = H, is not normal in
B.) and but if B is (normal) subgroup of H, ¢¢ 1B is (normal) subgroup of ¢G.

(D) Soft Sets In what follows we recall the following basic definitions from the Soft Set Theory which are used
in due course: (1) [3] Let U be a universal set, P(U) be the power set of U and E be a set of parameters. A pair
(F,E) is called a soft set over U iff F: E — P(U) is a mapping defined by, for each e € E F(e) is a subset of U.
In other words, a soft set over U is a parametrized family of subsets of U. (2) For any soft set (F, E) over U, we
let (F, E,) be the associated regular soft set where E,. = {e € E/Fe # ¢}. Clearly, a soft set (F,E) over U is
non-null (cf.(7) below) iff E, # ¢.

Notice that a collective presentation of all the notions, soft sets and gs-sets raised some serious
notational conflicts and to fix the same Murthy-Maheswari[11] deviated from the above notation for a soft set
and adapted the following notation for convenience as follows:

Let U be a universal set. A typical soft set over U is an ordered pair (San Serif) S = (a5, S), where S is
a set of parameters, called the underlying parameter set for S, P(U) is the power set of U and g5:S — P(U) isa
map, called the underlying set valued map for S. Some times gy is also called the soft structure on S.

(3) [7] The empty soft set over U is a soft set with the empty parameter set, denoted by @ = (a4, ). Clearly, it is
unique. (4) [6] A soft set S over U is said to be a whole soft set, denoted by Us, iff ags = U for all s € S. (5) [7]
A soft set S over U is said to be a null soft set, denoted by @y, iff ags = ¢, the empty set, for all s € S. Notice
that @4 = ¢, the empty soft (sub) set.

For any pair of soft sets A, B over U,

(6) [4] A is a soft subset of B, denoted by A € B, iff (i) A € B (ii) a,a S gga for all a € A. The set of all soft
subsets of B is denoted by S;,(B)

(7) The following are easy to see:

(i) Always the empty soft set @ is a soft subset of every soft set A. (il A=BiffAc Band B € A iff A=Band
o,a =cgaforall a € A.

(8) For any family of soft subsets (4;);¢; of S,

(i) the soft union of (4,);¢;, denoted by U, A4;, is defined by the soft set A, where (i) A = U;¢; 4; (ii) o4a =
Uier, 04,a, Where [, ={i €I/a € A;}, foralla € A

(ii) the soft intersection of (4;);¢,;, denoted by N;¢, 4;, is defined by the soft set A, where (i) A = N;¢; 4; (ii) o,a
=N ay,a forall a € A.

Notice that N;c; A; can become empty soft set.

(E) Soft Groups, Soft Group homomorphisms: In this section we first recall the existing notions of a soft
group, soft (normal) subgroup, soft group homomorphism etc.. (1)[5] if (F, A) is a soft set over a group G, then
(F,A) is said to be a soft group over G if and only if F(x) < G for all x € A. (2)[5] Let (F,A) and (H,K) be
two soft groups over G. Then (H, K) is a soft subgroup of (F,A), written as (H,K) < (F,A),ifK € A, H(x) <
F(x) for all x € K. (3)[5] Let (F, A) be a soft group over G and (H, B) be a soft subgroup of (F,A). Then we
say that (H, B) is a normal soft subgroup of (F, A), written (H,B) 2 (F,A), if H(x) is a normal subgroup of
F(x)ie,H(x) 2 F(x), forall x € B.

(M[2] if G is agroup and (F, A) is a non-null soft set over G, then (F, A) is called a normalistic soft group over
G if F(x) isanormal subgroup of G for all x € Supp(F, A).
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(5)[5], let (F,A) and (G, B) be two groups over G and K respectively, and let f:G - K and g: A — B be two
functions. Then we say that (f, g) is a soft homomorphism, and that (F, A) is soft homomorphic to (H, B). The
latter is written as (F, A) ~ (H, B), if the following are satisfied: f is a homomorphism from G onto K, g is a
mapping from A onto B, and f(F(x)) = H(g(x)) for all x € A. In this definition, if f is an isomorphism from G
to K and g is a one-to-one mapping from A onto B. then we say that (f, g) is a soft isomorphism and that (F, A)
is soft isomorphic to (G, B). The latter is denoted by (F, A) = (H, B).

(F) Generalized soft sets In this section we recall the notions of generalized soft set, gs-set or s-set for short, gs-
subset or s-subset, gs-union or s-union, gs-intersection or s-intersection etcetera from Murthy-Maheswari[9].
From now on, the script letters A, B, C,D etc. denote s-sets and/or their subsets and any such script letter Q
stands for the triplet (Q, Q, P(Uy)).

(1) A generalized soft set or an s-set in short, is any triplet A, where A is the underlying set of parameters for
U, or parameter set in short, P(U,) is the complete lattice of all subsets of U, parametrized under A with
parameters from A and A: A — P(U,) is the underlying parametrizing map for U,.

(2) For any soft set (F,A) over a universal set U with the parameter set A, the associated s-set for (F,A), is
defined by the s-set (4, F, P(U)), where A is the underlying parameter set, P(U) is the power set of all subsets
of U and F: A - P(U) is the parametrizing map.

(3) The s-set A, where A = [, the empty set with no elements, P(U,) = {#}, and A = @, the empty map, is called
the empty s-set and is denoted by @.

(4) An s-set A is said to be a whole s-set iff the parametrizing map A: A — P(U,) is defined by Aa = U, for all
a€A.

(5) An s-set A is said to be a null s-set iff the parametrizing map A: A — P(U,) is defined by Aa = B, the empty
set, for all a € A.

(6) For any pair of s-sets § and A, § is an s-subset of A, denoted by § € A, iff (i) S € A (ii) Us < U, or
equivalently P(Us) is a complete ideal of P(U,) and (iii) Sa € Aa for all a € S. Clearly, for any pair of s-
subsets S, 7, S =T iff SC T andT € Siff S=T, Ug = Uy or P(Ug) = P(U;) and S =T.

An s-subset S is degenerated iff S = B and S = &, the empty map. Clearly, the empty s-set is degenerated. Note
that degenerated s-subset is not unique.

The set of all s-subsets of the s-set B is denoted by S(B).

Clearly, (i) the null s-set and the empty s-set are s-subsets of A, but not necessarily the whole s-set. (ii) for any
pair of soft sets (F,A) and (G, B) over U, (G, B) is a soft subset of (F,A) iff (B,G, P(U)) is an s-subset of
(A,F,P(U)).

(7) The following are easy to see:

(i) Always the empty s-set @ is an s-subset of every s-set A.

(il A=Biff ACBandBCS Aiff A=B,U,=Uzand A =B.

(8) For any family of s-subsets (A,;);¢; of B,

(1) the s-union of (A;),e;, denoted by U, A;, is defined by the s-set A, where

(i) A = U, 4; is the usual set union of the collection (4;);¢; of subsets of B.

(i) P(Uy) = Vie; P(Us) = P(Uig; Uy,), Where Ve, P(Uy,) is the complete ideal generated by U;e; P(U,,) in
P(U,) which is the same as P(U;¢; Uy,).

(iii) A: A - P(U,) is defined by Aa = U;g;, A;a, where I, = {i € I|a € A;}

(2) the s-intersection of (A;);¢;, denoted by N;¢; (A;), is defined by the s-set A, where

(i) A=n;¢; 4; is the usual set intersection of the collection (4,);¢; of subsets of B

(i) P(Us) = Nye P(Uy,) = P(Nig; Uy,) is the usual intersection of the complete ideals of P(Uy, )i, in P(Uy)

(iii) A: A - P(U,) is defined by Aa = N, A;a.

(G) gs-map, Images and Inverse Images of gs-Subsets under gs-maps

In this section we recall the notions of gs-map, increasing gs-map, decreasing gs-map and preserving gs-map,
gs-image and gs-inverse image of a gs-subset or s-subset under a gs-map from [9].

(1) For any pair of s-sets A and B, a gs-map F is any pair (f,F), where f:A - B isamap and F:P(U,) -
P(Ug) is a complete homomorphism and is denoted by F: A — B.

(2) For any gs-map F: A — B, F is

(i) increasing, denoted by (f, F); iff Bfa 2 FAa for all a in A.

(i) decreasing, denoted by (f, F), iff Bfa S FAa for all a in A.

(iii) preserving, denoted by (f,F), iff Bfa = FAa for all a in A..
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(3) For any gs-map F: A — B,

(i) for any gs-subset C of A, the gs-image of C, denoted by FC, is defined by the gs-set D, where (i) D = f(C)
(i) Up =F(U¢) or P(Up) = (F(P(WUc)))pwy = P(FU)) = (F(Uc))py (iii) D: D — P(Up) is given by Dd =
BdNUFC(f'dnC)foralld € D

(i) for any gs-subset D of B, the gs-inverse image of D, denoted by F~1D, is defined by the gs-set C, where (i)
C = f~Y(D) (ii) U, = F~X(Up) or P(U;) = F~1(P(Up)) = P(F~(Up)) (iii) C:C — P(U,) is given by Cc =
AcnUF Dfcforallc € C.

Notice that the notions of gs-(sub) set, gs-map and gs-(inverse) image are actually special cases of the
so called f-(sub) set, f-map and f-(inverse) image which are introduced in 1997 by Murthy[8] as follows:

(4) An f-set is a triplet (4,X,L), where A is the underlying set of/for (4,X,L), L is the underlying complete
lattice of truth values of/for (4,X,L) and X: A — L is the underlying fuzzy map of/for (4,X,L). In an f-set
(4,X,L), A, L and X are uniquely determined. Any f-set is a boolean f-set iff L is a boolean algebra.

For any pair of f-sets (4,X,L) and (B,Y, M), (5) (4,X,L) is an f-subset of (B,Y, M), denoted by (4,X,L) <
(B,Y, M), iff (i) A is a subset of B (ii) L is a complete ideal of M (iii) X < Y|A.

For any family of f-subsets (4;,X;,L;);e; Of (B,Y,M), (6) the f-union of (4, X;,L;);e, denoted by
U, (4;,X;, L)), is defined by the f-set (4, X, L), where (i) A = U, 4; is the usual set union of the collection
(A));e Of sets (ii) L = V¢ L;, where v, L; is the complete ideal generated by U, L; in L (iii) X:A— L is
defined by Xa = Vi, X;a, where I, = {i € I|a € A;}. (7) the f-intersection of (4;,X;, L;);e;, denoted by
N (4;,X;, L), is defined by the f-set (A4,X,L), where (i) A = N, A4; is the usual set intersection of the
collection (4;);¢; of sets (ii) L = N, L; is the usual intersection of the complete ideals (L;);¢; in L (iii) X: A -
L is defined by Xa = Ay X;a.

(8) For any pair of f-sets (4,X,L) and (B,Y, M), the pair (f,¢), where f:A— Bisamapand ¢:L > M isa
complete homomorphism, is said to be an f-map and is denoted by (f, ¢): (4, X,L) — (B, Y, M).

An f-map (f, ¢): (4,X,L) - (B,Y, M) is a boolean f-map iff both (4,X, L) and (B,Y, M) are boolean f-sets and
¢: L - M is a complete homomorphism of complete lattices.

For any f-map (f,¢):(4,X,L) = (B,Y,M), (9) for any f-subset (C,W,K) of (4,X,L), the f-image of
(C,W,K), denoted by (f, $)(C,W, K), is defined by the f-set (D, Z, N), where (i) D = fC (ii) N = (¢K),, (iii)
Z:D —> Nisgiven by Zd = Yd AV W (f~1d n C) for all d € D (10) for any f-subset (D, Z, N) of (B,Y, M), the
f-inverse image of (D, Z, N), denoted by (f, $)"1(D, Z,N), is defined by the f-set (C,W,K), where (i) C =
fID (i) K =¢ 1IN (iii) W:C - K isgiven by Wc =Xc AV ¢~ Zfcforall c € C.

Clearly, a boolean f-set (4,X,L) is a gs-set iff L is the particular boolean algebra P(U) for some
universal set U and a boolean f-map (f,¢): (4,X,L) = (B,Y,M) is a gs-map iff ¢:L — M is a complete
homomorphism of complete lattices L = P(U) for some U and M = P (V) for some V.

Any power algebra is of the form P(U) for some set U, in any power algebra P(U), the largest element
1py is U and the least element 0y, is @, the empty set and some times we write fa, f~'b, FA, F~'B, PU
instead of f(a), f~1(b), F(A), F~*(B), P(U) etc. respectively.

Il S-SETS, S-MAPS, (INVERSE) IMAGES OF S-SUBSETS

In this section we introduce the notions of s-maps between s-sets with possibly different universal sets, (inverse)
images of s-subsets under s-maps.

The generalized soft set introduced in [9] is simply called s-set in this paper. However, the s-maps to be
introduced in this paper will be different from the s-maps introduced in [9].
(a) For any pair of s-sets .4 and B, an s-map is any pair (f, F), denoted by F, where f:A - B and F: P(U,) —
P(Ug) is onto and extends F|U, or equivalently F=P(F|U,).
Note that quite often in all our examples F|U, will be denoted by F,,.

In what follows we give an Example to show that if F is not onto then some of the crucial properties like, for
subsets G, D of B,C €D € B implies F-1€¢ € F~1D; F1Y(CUD) =F 1CUFID; F-L(cNnD)=F€n
F~1D etc. do not hold and, as we know, without them nothing much can be done:

Example 5: Let F: A - B be given by A = ({p}{(p,{x.y.2}),P({x,y,zD}), B = ({q},{(q.{a,b,c}),
P({a,b,ch}), f={(p,q@)} and F={(x,a), (¥, b), (z,b), ({x,y}.{a, b}), ({x, z},{a, b}), ({y, 2}, b), (U, {a, b})}.
Then Fy={(x,a), (v,b), (z,b)}.

(1) Letc = ({q}.{(q, {b}), P({a,b,cP}H. D = ({q},{(q.{b,c}), P({a, b,c}}).
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Let F-1¢ =M. Then M = f~1C = {p}, Uy = F3'U; = {x,y,z} and Mp = Ap N\UF'Cfp = {x,y,z} N {y, 2} =
{v. z}.

Let F-1D = N. Then N = f~1D = {p}, Uy = Fy'U, = {x,y,2} and Np = Ap "\UF~'Cfp = {x,y,z} n@ = 0,
implying C € D but F~'Cc g F~1D.

(2) Letc=({q},{(q.{b}), P({a,b,cH}), D = ({q},{(q.{c}),P({a,b,cP}). Then CUD = ({q}, {(q,{b,c}),
P({a,b,ch}). F'C = ({p}.{(. {y. 2D, P{x,y, 2D, F'D = ({p}, {(», 1), P({x,y,2D}. F'CUF D =
{p} . {y, 2}, P({x,y,zH}) and F~1 (€ U D) = ({p},{(p, ), P({x, ¥, 2})}), implying F* (C U D) =
FlCUFID.

3) Letc=({q},{(q,{b, c}), P({a,b,cH}), D =({q}.{(q, {a, b}), P({a, b, cP}).Then C D = ({q},{(q, {a, b}),
P({a,b,ch}), F1C = ({p}.A(p, ), P({x, 3, 2D}, F'D = ({p} A, {x, .2}, P({x,y, zZD}), F '€ n

FD = ({p}{(p, D, P(x,y, 2D, F1(€ nD) = ({p} A, {x,¥.2}), P({x,y,2})}), implying F~*(C N
D)+ Flcn F1D.

Here onwards all our s-maps are the ones defined as above.

Observe that whenever, F: A — B is an s-map, F is onto and extended, and so (1) for all B € P(Ug), U
F~1B = (F|U)™'B = F§B. (2) for all C < U,, the image of the element C € P(U,) under F is the same as the
image of the set C under F, or FC = F,C (3) Consequently, F is increasing iff Bfa 2 FAa for all a in A iff Bfa
2 F,Aa for all a in A, F is decreasing iff Bfa S FAa for all a in A iff Bfa € F,Aa for all a in A, F is
preserving iff Bfa = FAa for all a in A iff Bfa = FyAa for all a in A.
(b) Consequently, for any s-map F: A — B we define,
(i) F is increasing, denoted by F; iff Bfa 2 FyAa for all a in A
(i) F is decreasing, denoted by F, iff Bfa S F,Aa for all a in A
(iii)  is preserving, denoted by F, iff Bfa = FyAa for all a in A.

Observe that the s-map defined here in this paper is slightly different from the s-map defined in [9]
(cf.(a) above) in the sense that there F is a complete homomorphism of complete lattices which is needed to
extend several of the usual set-map properties proved in the same paper. Further, even the increasing, decreasing
and preserving maps defined in this paper are slightly different from the corresponding ones defined in [9]
(cf.(b) above), in the sense that there, F is a complete homomorphism of complete lattices but here F is an
extended s-map.

For any s-map F: A — B (defined as in (a) above)
(c) for any s-subset C of A, the s-image of C under F, denoted by FC, is defined by the s-set D, where (i) D =
fC (ii) Up = FoUc or PUp = (FoPU¢) gy = P(FoUc) = (FoUc)p(uy (iii) D: D - PUp, is given by Dd = Bd nU
FC(f~'dncC)foralld € D
Observe that in the light of Remarks after Example 6 above, we get that Dd = Bd NU¢;-14nc FCc = Bd N

Uces-tanc FoCcforall d € D.

Clearly, when B is a whole s-set, namely, Bb = U our s-image of C under F reduces to the definitions of soft
image of a soft set in [14] and image of a soft set in [13].

The following example shows that in the above without the term, Bd the s-set D need not be an s-subset of B.
Example 6: Let F: A - B, D € B be given by: A=({a},{(a,p)},{B,{p}}) =C, B = ({b}, {(b,D)},{B,{q}}),
fiA— Bisgivenby f ={(a,b)} and F, = {(8,8), (p, q)}.

Let D = FC. Then D = fC = {b} = B, U, = FyU; = Fo{p} = {q} and Db = U ¢-1,n¢ FoCc = FyCa = Fy{p} =
{q3, implying D = ({b}, {(b, )}, {B, {q}}). Clearly, D is not an s-subset of B because Db = {q} £ Bb = 0.

(d) for any s-subset D of B, the s-inverse image of D under F, denoted by F~1D, is defined by the s-set C,
where (i) € = f~1(D) (ii) U, = Fy*(Up) or P(Ug) = F; X (P(Up)) = P(Fy *(Up)) (iii) C: € » P(U,) is given by
Cc=AcnUFDfcforallc € C.

Observe that in the light of Remarks after Example 6 above, we get that for all ¢ € C, Cc = Ac n Fy;'Dfc.
Clearly, when A is a whole s-set, namely, Aa = U, our s-inverse image of D under F reduces to the definitions
of soft inverse image of a soft set in [14] and inverse image of a soft set in [13].

The following example shows that in the above without the term, Ac the s-set € need not be an s-subset of A.
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Example 7: Let F: A - B, C € A be given by:A=({a},{(a,@)}, {8, {p}}), B = ({(b},{(b,q)},{B,{q}}) = D,
ftA—- Bisgiven by f ={(a,b)} and F, = {(2,8)(p, 9)}.

Let ¢ = F~D. Then C = f~1D = {a}, U, = F;'U, = F;*{q} = {p} and Ca = Fy'Dfa = F;'Db = F;{q} =
{p}, implying € = ({a}, {(a, p)}, {B, {p}}). Clearly, C is not an s-subset of A because Ca = {p} Z Aa = @.

(e) For any s-map F: A — B, an s-subset C of A is an F-constant or constant on each kernel class iff Ca = Cc
foralla € f~tfcforall c € C.

Lemma 3.1 For any s-map F: A — B and for any s-subset D of B, F~1D is always an F-constant subset of A,
whenever A is F-constant.

Proof: Since A is F-constant, Aa = Ac forall a € f~1fc forallc € A. Let F'D=¢C. Then C = f~1D, U, =
Fy'Upand Cc=Acn Fy'Dfcforallc € C.

Letc € Canda € f~1fc. Then fa = fc and since A is F-constant Ca = Aa N Fy'Dfa = Acn F;'Dfc = Ce.

In what follows we show that if A is F-constant then any s-subset € of A need not be F-constant:

Let F:cA—>B be given by: A = ({a,b},{(aZe) (b, L)}, P(Zs)), B = ({c}{(c,Ze)},P(Ze)), f =
{(a,c), (b,0)}, Fy =14, and C = ({a, b},{(a, Z;), (b, Z3)}, P(Zs)), Where Z, = {0,3} and Z; = {0, 2, 4}.

Then clearly, A is F-constant, C is an s-subset of A but C is not an F-constant s-subset.

Similarly, it is easy to show that s-superset of any F-constant s-subset need not be F-constant either.

IV S-GROUPS, S-HOMOMORPHISMS OF S-GROUPS
In this section we recall the notions of s-group, s-(hormal) subgroup from Murthy-Gouthami[12].
Definitions and Statements 4.1 (a) An s-set G is said to be an s-(normal) group iff (i) U, is a group (ii) for all
g € G, Gg isa (normal) subgroup of U;.
An s-group which is also a whole s-set is a whole s-group. Clearly, whole s-group and whole s-normal group are
the same.
(b) For any s-group G and for any s-subset A of G,
(1) A is an s-subgroup of G iff (i) A € G (ii) U, is a subgroup of U, (iii) Ag is a subgroup of G g for all g € A.
An s-subgroup <A is an identity s-subgroup of G iff U, = (ey,) and Ag = (ey,) forall g € A.

Clearly, (i) the s-group G itself and any identity s-subgroup of G are always s-subgroups of G but both
the null s-subset and the empty s-subset of an s-group G are not s-subgroups of G. (ii) a degenerated s-subset A
of G is an s-subgroup iff U, is a subgroup of Ug.

For any soft group (F, A) over a group U, the associated s-set (4, F, P(U)) of (F, A) (cf.2.e(2)) is an s-
subgroup of the whole s-group G where G = A and U; = U, called the associated s-subgroup for (F, A).

Clearly, (i) for any pair of soft sets (F,A) and (G, B) over a group U, (G,B) is a soft subgroup of (F,A) iff
(B, G, P(U)) is an s-subgroup of (4, F, P(U)). (ii) for any s-group G and for any c-total s-subset 4 of G, (4,A4)
is a soft subgroup of the soft group (G, G) over U, iff A is an s-subgroup of G.

(2) A is an s-normal subgroup of G iff (i) A € G (ii) U, is a normal subgroup of U, (iii) Ag is a normal
subgroup of Gg for all g € A.

Clearly, (i) every s-normal subgroup is an s-subgroup but not conversely (ii) the s-group itself and any
identity s-subgroup are always s-normal subgroups of G but both the null s-subset and the empty s-subset of an
s-group G are not s-normal subgroups of G. (iii) a degenerated s-subset A of G is an s-normal subgroup iff U, is
a normal subgroup of U; and a degenerated s-subset which is also an s-(normal) subgroup is called a
degenerated s-(normal) subgroup.

(3) For any pair of s-(normal) subgroups A, B of G, A is an s-(normal) subgroup of B iff A is an s-subset of B.
(4) For any s-group G and for any pair of s-subsets 7, % of G such that H € X and X is an s-subgroup of G we
have H is an s-normal subgroup of G implies 7 is an s-normal subgroup of K.

In what follows we introduce the notions of s-homomorphism, s-monomorphism, s-epimorphism, s-
isomorphism, pure s-isomorphism, s-kernel etc., generalizing some of the corresponding existing notions of soft
homomorphism and study some of the standard properties of (inverse) image of s-(normal) subgroups.

(c) An s-map F:A — B is an s-homomorphism of s-groups, again denoted by F: A — B, iff (1) both A, B are
s-groups (2) F: P(U,) — P(Ug) isany map such that F, = F|U,: U, — Uy is a group homomorphism.

Note: Since any s-homomorphism F: A — B is an s-map, from the definition of s-map F = P(F,), for any
subset C of Uy, F(C) = F,(C) and so we know F if we know F, and vice versa.
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Consequently, in all our examples we specify only f: A — B and F,: U, — Uy from which follow the s-map F =
(f, F).

(e) An s-homomorphism F: A — B is an s-monomorphism of s-groups, again denoted by F: A — B, iff both f
is one-one and F is one-one.

(f) An s-homomorphism F:A — B is an s-epimorphism of s-groups, again denoted by F: A — B, iff both f is
onto and F is onto.

(9) An s-homomorphism F: A — B is an s-isomorphism of s-groups, again denoted by F: A — B, iff (1) f: A -
Bisamap (2) F: P(U,) - P(Ug) is any s-map such that Fy: U, — Uy is an isomorphism (3) Fy|Aa: Aa — Bfc
is an isomorphism for all ¢ € f~fa and for all a € A (4) Bfa = F,Aa for all a € A.

(h) An s-homomorphism F: A — B is a pure s-isomorphism of s-groups, again denoted by F:A — B, iff (1)
f:+A— B is a bijection (2) F:P(U,) = P(Ug) is any s-map such that F,: U, — Ug is an isomorphism (3)
F,|Ac: Ac = Bfc is an isomorphism (4) Bfa = F,Aa for all a € A.

(i) For an s-homomorphism F: A — B of s-groups, s-Kernel of F, denoted by Ker(F), is defined by the whole
s-set Ker(F) = K, where K = A, P(Uy) = P(Ker(Fy)) or Uy = Ker(F,) and K: K — P(Uy) is given by Kk =
Ker(F,) for all k € A.

Note: Unlike in the crisp set up, Ker(F) need not be even an s-subset of A as shown in the following example:
Example 8: Let F::A—B be an s-homomorphism given by: A = ({a},{(a, (0)},P(Z;)), B =
(b}, {(b, (0))}, P(Z)), f ={(a,b)} and F; = {(0,0), (1,0)}. _ _

Then F is preserving, KerF = K implies K = A, Uy = KerF, =Z, and Ka = KerF, =7, £ (0) = Aa or X &
A.

Lemma 4.2 For any s-homomorphism F: A — B of s-groups and for any s-subgroup C of A, the s-image FC
of C under F is an s-subgroup of B, whenever C is constant on each kernel class.

Proof: Let FC=D. Then D=fC, U, = FoU¢ and Dd = Bd N (Uyej-14nc FoCc) for all d € D.

We show that D is an s-subgroup of B or (i) D S B (ii) U, is a subgroup of U, and (iii) Dd is a subgroup of
Bd for all d € D.

():D=fC € fA=B

(ii): Since U, is a subgroup of U, and F,: U, — Uy is a group homomorphism, U, = F,U, is a subgroup of Ug.
(iii): Let c € f~1d n C. Then Cc is a subgroup of Ac implies F,Cc is a subgroup of FyAc, F,Ac is a subgroup of
Uy implies F,Cc is a subgroup of Uy. Since C is constant on each Kernel class, Cc = Ca for all c € f"'fan C
which implies U -174nc FoCc = FoCa which is a subgroup of Up. Bd is also a subgroup of Us. Since
intersection of subgroups is a subgroup, it follows that Dd is a subgroup of U, or Dd is a subgroup of Bd or D
is an s-subgroup of B.

The following example shows that the above Lemma is not true if € is not constant on each kernel class.
Example 9: Let F:A —» B be an s-homomorphism given by: A = ({c;, ¢, },{(c1,Z),(c,,Z)}, P(Z)), B =
({b}{(b, 1)}, P(Z)), C = ({c1, c2},{(c1, 220), (¢2, 3Z)}, P(Z)), f: A = B be given by f = {(cy, b), (c2,b)} and Fy
be an identity map. Then C is not constant on the kernel class and F is preserving.

Let FC = D. Then D = f{(c;,¢;)} = {b}, Up = FoU; = FyZ =Z and Db = Bb N (U ef-1pn¢ FoCc) = ZN (2ZU
37) = 27U 3Z % 7 = Bb. Clearly, D is an s-subset but not an s-subgroup.

Corollary 4.3 For any s-homomorphism F: A — B of s-groups, the following are true:

(a) FA always an s-subgroup of B, whenever A is constant on each kernel class.

(b) FC always an s-subgroup of both FA and B, whenever both C and A are constant on each kernel class
Proof: (a) It follows from the above Lemma with C = A.

(b) It follows from (a) above and Theorem 4.10 with ¢ = C and D = A.

As in the crisp set up the s-image of an s-normal subgroup is not an s-normal subgroup in all of the co-
domain s-group, as shown in Example 12 below. However, again as in the crisp set up, in what follows we show
that the s-image of an s-normal subgroup is an s-normal subgroup in the image of the domain s-group under
some natural conditions:

Lemma 4.4 For any s-homomorphism F: A — B of s-groups and for any s-normal subgroup C of A the s-
image FC of C under F is an s-normal subgroup of FA, whenever both A and C are constants on each kernel
class.

Proof: It follows from Theorem 4.10 with ¢ = Cand D = A.
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The following example shows that the above Lemma is not true if <A is not constant on each kernel class but C
is constant on each kernel class.

Example 10: Let F:A — B be an s-homomorphism given by: A=({c;, ¢;},{(c1,2Z), (c,,3Z)}, P(Z)), B =
({b},{(b, Z)}, P(Z)), C= ({Cl,CZ},{(Cl, 6Z)' (CZ' 62)}' P(Z))v f:A - B be given byf = {(Cl' b)' (CZ' b)} and FO
be the identity map.

Then A is not constant on the kernel class f~fc, but € is constant on each kernel class f~'fa and F is
increasing.

Let FC =D. Then D = f{(cy,¢;)} = {b}, Up = FoU; = Z and Db = Bb N (U ef-1pn¢ FoCc) = Z N (6Z U 6Z) =
67.

Let FA = €. Then E = f{(c;, )} = {b}, Ug = FoU,y = Zand Eb = Bb N (Upe-1pn4 FoAa) = Z.0 (2Z U 3Z) =
27V 3Z.

Clearly, € is an s-normal subgroup of A, FC = D is an s-normal subgroup of B, FA # B and FA = £ is not
even an s-subgroup.

The following example shows that the above Lemma is not true if C is not constant on each kernel class but A
is constant on each kernel class.

Example 11: Let F:A — B be an s-homomorphism given by: A=({c,, c;},{(c1,Z),(c;,Z)}, P(Z)), B =
(b} {(b, D)}, P(Z)), C = ({c1, c2},{(c1, 220), (c2, 3Z)}, P(Z)), f: A — B be given by f = {(cy,b), (¢, b)} and Fy
be the identity map.

Then € is not constant on the kernel class but A is constant on each kernel class and F is preserving.

Let FC =D. Then D = f{(cy,¢;)} = {b}, Up = FyU; = Z and Db = Bb N (U cf-1pn¢ FoCc) =ZN (2Z U 3Z) =
27V 3Z.

Let FA =E. Then E = f{(cy,¢,)} = {b}, Ug = FoUy =Z and Eb = Bb N (Uzef-1pn4 FoAa) =ZN (ZU Z) = 1.
Clearly, ¢ is an s-normal subgroup of A but FC =D is not even an s-subgroup.

Note: For any epimorphism of groups f: G — H, fG is trivially a normal subgroup of H.

The following example shows that even for an s-epimorphism F:A — B of s-groups and even when A is
constant on each kernel class, FA need not be an s-normal subgroup of B.

Example 12: Let F::A - B be an s-homomorphism given by: A = ({a},{(a,H;)},P(H;)), B =
(b}, {(b, A}, P(AY)), f: A = Bisgiven by f = {(a, b)} and F, be the inclusion homomorphism. Then F is not
decreasing.

Let FA =D. Then D = fA = {b}, Up = FyU,y = A, and Db =Bb 0 (Uyef-1pn¢ FoAc) = A, NH, = H, isnota
normal subgroup of Bb = 4,.

Therefore D = FA is not an s-normal subgroup of B.

In what follows we show that for an s-homomorphism F: A — B, FA actually equals B whenever F is an s-
epimorphism and F is decreasing:

Lemma 4.5 For any s-epimorphism, F;: A — B of s-groups, FyA = B.

Proof: Let FA=D. Then D=fA, Up=F,U, and Dd = Bd N (U ¢;-1404 FoAc) for all d € D.

We show that D = B or (i) D = B (ii) U, = U and (iii) Dd = Bd for alld € D

(i): Since f isonto, D = fA =B.

(ii): Since F, isonto, Up = FyU, = Uy .

(iii): Let a € f~'d N A. Then Dd = Bd N (Ugep-1gn4 FoAC) = U ef-1404 (Bd N FyAc). Since F is decreasing,
forall c € f~1d n A, Bd = Bfc S F,Ac which implies F,Ac n Bd = Bd, which in turn implies Dd = Bd or D =
B.

The following example shows that the above Lemma is not true if F is an s-epimorphism, but F is not
decreasing.

Example 13: Let F:A—->B be an s-homomorphism given by: A = ({a},{(a Z,)}, P(Z,)),
B=({b},{(b, Z4)}, P(Z,)), f: A — B be given by f={(a, b)} and F;=1z,, where Z, = {0, 2}.

Then F is onto, Bfa = Bb = Z, 2 Z, = F,Aa, implying F is not decreasing.

Let FA =D. Then D = fA = {b}, Up = FoU, = FyZy = Z, and Db = Bb N (U ef-1404 FoAC) = Ly N Z, = Z,,
Db =Z, # T, = Bb, implying FA # B.
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The following example shows that the above Lemma is not true if F is decreasing but f is onto and F, is not
onto.

Example 14: Let F::A - B be an s-homomorphism given by: A = ({a},{(a Z;)},P(Z;)), B =
({b},{(b,(0))}, P(Z,)), f: A — B be given by f = {(a,b)} and F, be the inclusion map F, = {(0,0), (1,2)},
where Z, = {0, 2}.

Then F, is not onto, Bfa = Bb = (0) € Z, = F,Aa or F is decreasing.

Let FA =D. Then D = fA = {b}, Up = FoU, = FyZ, = Z, and Db = Bb N (U104 FoAc) = (0) N Z, = (0).
Since Up = Z, # Z, = Ug, implying F;A #+ B.

The following example shows that the above Lemma is not true if F is decreasing, but f is not onto and F, is
onto.

Examplel5:Let F: A — B an s-homomorphism given by: A = ({a,, a,},{(ay,Z;), (a;,Z;)}, P(Z,)), B =
({by, b3}, {(by,(0)), (by,Z,)}, P(Zy)), f: A = B be given by f ={(a,, b,), (a,, b;)} and F, be the identity map.
Then f is not onto, Bfa, = Bb, = (0) € Z, = FyAa, and Bfa, = Bb, = (0) € Z, = FyAa,, implying F is
decreasing.

Let FA =D. ThenD = fA = f{a,,a,} ={b,} # {b1, b,} = B, implying D # B or F;A #+ B.

Lemma 4.6 For any s-homomorphism F: A — B of s-groups and for any s-subgroup D of B, the s-inverse
image, F~1D of D under F is an s-subgroup of both A and F~1B.

Proof: Let F~1D = €. Then C=f~1D, U, = F;'Up and Cc =Ac N F;'Dfcforallc € C.

We show that € is an s-subgroup of &4 or (i) C S A (ii) U, is a subgroup of U, and (iii) Cc is a subgroup of Ac
forall c € C.

(i):C=f'DcfB=A

(ii): Since Up, is a subgroup of Uy and F, is homomorphism, U, = F5 U} is a subgroup of Fy1Uy = U,.

(iii): Let c € C = f~1D. Then fc € D, Dfc is a subgroup of Bfc implies F;*Dfc is a subgroup of Fy'Bfc.
Bfc is a subgroup of Uy implies F;1Bfc is a subgroup of F; 1U, = U,. By transitivity, F; 1D fc is a subgroup
of U, which implies Ac N F; *Dfc is a subgroup of U, or Cc is a subgroup of Ac or C is an s-subgroup of A.
The fact that F~1D is an s-subgroup of F~1B follows from Theorem 4.11 with ¢ = D and D = B.

Note: For any homomorphism of groups f:A — B, f~'B is equal to A. However, in the case of s-
homomorphisms F~1B can be a proper s-subgroup. But we always have
Corollary 4.7 For any s-homomorphism F: A — B of s-groups, F 1B always an s-subgroup of A.

The following Example shows that in general F~1B need not equal A or F~1B can be a proper s-subgroup of A:
Example 16: Let F;::A - B be an s-homomorphism given by: A = ({a},{(a, Z;)},P(Z,)), B =
(b}, {(b, (0)},P(Z,)), f: A = B be given by f ={(a, b)}, and F, be the identity map, where Z, = {0, 2}.

Then Bfa = Bb = (0) € Z, = F,Aa, implying F is not increasing.

Let F-'B=C.ThenC=f"'B=A, U, =F;'Uy =F;'Z,=7,and Ca=AanFy'Bfa=2Z,nF;1(0) = (0) €
Z, = Aa, implying F; 1B G A.

In what follows we show that whenever F is an increasing s-homomorphism F;: A — B, F; 1B equals A.
Lemma 4.8 For any s-homomorphism F;: A — B of s-groups, F; 1B = A.

Proof: Let F~1B = €. Then C = f~1B, U, = F51Ug and Cc = Ac N F; 'Bfc for all ¢ € C.

We show that € = A or (i) C = A (ii) Uc = U, and (i) Cc = Ac for all c € C.

():C=f"1B=A.

(ii): Uc = FylUg = U,.

(iii): Let c € C be fixed. Since F is increasing, FyAc S Bfc, since $M S N implies M € ¢~ N, F,Ac S Bfc
implies Ac € Fy'Bfc or Ac N F31Bfc = Ac or Cc = Ac N Fy'Bfc = Ac or C = A.

The above Lemma is not true if F is not increasing, as shown in Example 16 above.
Lemma 4.9 For any s-homomorphism F: A — B of s-groups and for any s-normal subgroup D of B, the s-
inverse image F 1D of D under F is an s-normal subgroup of F~1B.
Proof: It follows from Theorem 4.11 with ¢ = D and D = B.

Note: In the crisp set up for any group homomorphism f: G — H always f~'H, being equal to G, is
trivially a (normal) subgroup of G. However, the following Example shows that the same thing is not true in
case of s-homomorphisms of s-groups:
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In what follows we construct an s-homomorphism F:A — B of s-groups in such a way that 1B
need not be an s-normal subgroup of A.
Example 17: Let F:A - B be an s-homomorphism given by: A = ({a},{(a,A;)},P(A,)), B =
({b}, {(b,H2)},P(A,)), f: A — Bisgiven by f = {(a,b)} and F, = 1,,. Then F is decreasing.
Let F~'B=C.ThenC=f"'B=A, U, =F;'Ug=A,andCa=Aa n F;'Bfa=A, n F;'Bb=A, n H, = H,.
Ca = H, is not a normal subgroup of A, = Aa or F~B = € is not an s-normal subgroup of A.

Theorem 4.10 For any s-homomorphism F:A — B of s-groups and for any pair of s-subsets ¢ and D of A
such that € is an s-(normal) subgroup of D, we have FC is an s-(normal) subgroup of FD, whenever both € and
D are constants on each kernel class.

Proof: Let FC = M. Then M = fC, Uy, = FoU¢ and Mm = Bm N (U cq-1mnc FoCc) for all m € M.

Let FD = N. Then N =D, Uy = FoUp and Nn = Bn N (Ugep-1nnp FoDd) for all n € N.

€ € D implies C € D, U € Uy, and Cc € Dc for all ¢ € C.

We show that M is an s-(normal) subgroup of " or (i) M S N (ii) Uy is a (normal) subgroup of Uy and (iii)
Mm is a (normal) subgroup of Nm for all m € M.

(i): C< DimpliesM =fC < fD =N.

(ii): Uc is a (normal) subgroup of Uy, implies Uy, = FoU¢ is a (normal) subgroup of F,Up = Uy, by 2(B)(ii).

(iii): Let m € M € N. Then m = fc for some ¢ € C € D. Since € and D are F-constants Ca = Cc for all a €
f~fc n C and Db =Dc for all b € f~fc N D.

C € D implies f=fcN C S f~1fc N D, U ep15enc FoCa = FyCc and Upeq15.np FoDb = FoDc. Cc is a (normal)
subgroup of Dc for all ¢ € C implies F,Cc is a (normal) subgroup of F,Dc which in turn implies, by 2(B)(ii),
Mm = Mfc = Bfc N (Ue15enc FoCC) is @ (normal) subgroup of Bfc N (Uger1¢np FoDd) = Nfc or FC is an s-
(normal) subgroup of FD.

The following example shows that the above Theorem is not true if C is not constant on each kernel class but D
is constant on each kernel class.

Example 18: Let F::A - B be an s-homomorphism given by: A=({a;,a,},{(a;,Z), (a5, Z)}, P(Z)),
B=({b}, {(b, 2)}, P(Z))=D, C=({ay,a,},{(as, 2Z), (a2, 3Z)}, P(Z)), f:A - B be given by f = {(a;,b), (az,b)}
and F, be the identity map.

Then € is not constant on the kernel class f~1fa; but D is constant on each kernel class f~*fa.

Let FC = M. Then M = f{(a;,a,)} = {b}, Uy = FoU¢ = Z and Mb = Bb N (Ucer-1pnc FoCC) = Z N (2Z U 3Z) =
27U 3Z.

Let FD = V. Then N = f{(a,,a,)} = {b}, Uy = FyUp = Z and Nb = Bb N (U,¢r-1pna FoDb) = ZNZ =Z.
Clearly, ¢, D are an s-(normal) subgroups of A, FD = is an s-normal subgroup of A, FC =M is not even an
s-subgroup.

The following example shows that the above Theorem is not true if C is constant on each kernel class but D is
not constant on each kernel class.

Example 19: Let F: A — B be an s-homomorphism given by: A=({a},{(a,Z)},P(Z)) = ¢, B =
({bs, by}, {(b1, 2)}, P(Z)), D = ({by, b5}, {(by, 2Z), (b5, 3Z)}, P(Z)), f: A — B be given by f = {(a,b,), (a,b,)}
and F, be the identity map.

Then C is constant on the kernel class but D is not constant on each kernel class.

Let FC = M. Then M = f{(a)} = {b;,b,}, Uy = FoUc = Z and Mb; = Bb; N (Uger1pnc FoCO) =ZNZ =7 =
Mb,.

Let FD = . Then N = f{(b;,b,)} = {a}, Uy = FoUp = Z and Na = Ba N (Uer-1pna FoDa) = Z N (2Z U 3Z) =
27U 3Z.

Clearly, ¢, D are an s-normal subgroup of A but FD =V is not even an s-subgroup.

Theorem 4.11 For any s-homomorphism F: A — B of s-groups and for any pair of s-subsets ¢ and D of B such
that C is an s-(normal) subgroup of D, we have F~1C is an s-(normal) subgroup of F~1D.

Proof: Let F~1¢ = M. Then M = f~1C, Uy, = F;1U; and Mm = Am N F;*Cfm for all m € M.
Let F=1D = N. Then N =f~1D, Uy = F31Up and Nn = An n F;Dfn for all n € N,
€ € D impliesC €D, Uc € Up, and Cc € Dc for all ¢ € C.
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We show that M is an s-(normal) subgroup of V" or (i) M S N (ii) Uy is a (normal) subgroup of Uy and (iii)
Mm is a (normal) subgroup of Nm for all m € M.

(i):C< DimpliessM =f"1C < f~1D=N.

(ii): U is a (normal) subgroup of Uy, implies by 2(B)(ii), Uy = F51U¢ is a (normal) subgroup of F51Up = Uy.
(iii): Let m € M. Then fm € C, Cc is a (normal) subgroup of Dc for all ¢ € C, by 2(B)(ii) implies F;1Cc is a
(normal) subgroup of Fy'Dc which in turn implies again by 2(B)(ii), Mm = Am N F;1Cfm is a (normal)
subgroup of Am N Fy1Dfm = Nm or £~1C is an s-(normal) subgroup of F~1D.

Lemma 4.12 For any s-homomorphism F;: A — B of s-groups and for any s-(normal) subgroup C of A which
is constant on each kernel class, € is an s-(normal) subgroup of F,"1F;C.

Proof: Let FC = D. Then D=fC, Up=F,U¢ and Dd=Bd N (U ¢f14nc FoCc) for all d € D.

Let F~1D = €. Then E = f~1D, Ug = F;'Up and Ee = Ae N F; ' Dfe for all e € E.

(a): We show that C is an s-(normal) subgroup of € or (i) C € E (ii) U, is a (normal) subgroup of Ug and (iii) Cc
is a (normal) subgroup of Ec for all ¢ € C.

(i):C < f~1(fC) = f~'D = E.

(ii): Uc € Fgt(FoUp) = FglUD = Ug. Clearly, from 2(B)(i) U is a (normal) subgroup of Ug.

(iii): Let c € C. Then Ec=Ac N F51Dfc = Ac n Fy1(Bfc N (Vaertrenc F ,Ca)). Since C is constant on each kernel
class, Ca=Ccforall a € f1fcN C OF Uye15enc FOCa FOCc or Ec = Ac n F51(Bfc N F,Cc).

Since F is mcreasmg and C is an s-subset of A, F,Cc S F,Ac S Bfc which implies F,Cc < Bfc or F,Cc n Bfc =
F,Cc, Ec = Ac N F51(F,Co).

Again since Cc € F;1F,Cc, Cc=CcnAc & Fo' 1E,Ccn Ac = Ec or Cc is a subset of Ec.

From 4.2, D is an s-subgroup which implies Dfc is a subgroup which with A is an s-group, inverse image of
subgroup is a subgroup imply Ac n F51Dfc = Ec is a subgroup. Now 2(B)(i), Cc is a normal subgroup of Ac, Cc
< Ec imply Cc is a (normal) subgroup of Ec.

The following example shows that the above Lemma is not true if F is not increasing but € is constant on each
kernel class.

Example 20: Let F:-A — B be an s-homomorphism defined by: A = ({a},{(a,Z,)},P(Z,)) = C, B =
({b}, {(b, (00}, P(Zy)), £ = {(a,b)} and F= 1g,.

Then € is an s-(normal) subgroup of A, Bfa =Bb = (0) S Z, = F,Aa, implying that F is not increasing.

Further, € is constant on each kernel class f~1fa = f~1{b} = {a}, Ca = Z,.

Let FC =D. Then D = fC = {b}, Up = F,U = FyZ, = Z, and Db = Bb N (U cr-1pnc FoCC) = (0) N Z, = (0)

Let F-1D =& ThenE=f"1D={a} =C, Uy =F;'Up = Z, = U and Ea = Aa N F;'Dfa=17Z, n (0) = (0) & Z,
=Ca, implyingC £ € .

Notice that in the above example F is an s-monomorphism, however F~1FC # C (cf. 4.14) as F is not
increasing.

The following example shows that the above Lemma is not true if F is increasing but C is not constant on a
kernel class.
Example 21: Let F: A — B be an s-homomorphism defined by: A=({a;,a,},{(a1,Z;), (a5, Z4)},

P(Z,)), B=({b}, {(b, Z)}, P(Z,)), C=({ay, a;}, {(a1, (0)), (az, Z;)}, P(Zy)), f = {(a1, b), (az, b)} and F, be the
identity map on Z,. Here Z, = {0, 2}.

Then € is an s-(normal) subgroup of A, Bfa, = Bb = Z, 2 Z, = FyAa,, Bfa, = Bb = Z, = F,Aa,, so that F is
increasing.

Further, C is not constant on the kernel class f~fa, = f~1b = {a,,a,}, as (0) = Ca, and Z, = Ca,.

Let FC = D. Then D = fc = f{(a,a,)} = {b}, Up = FoU¢ = FyZ, = Z, and Db = Bb N (U cp-1pnc FoCC) = Z, N
(F,Ca; UF,Ca,) =7, N (0) UZ,) = Z,.

Let F~1D = €. Then E = f~1D = f~'b = {(a;,a,)}, Ug = F;'Up = Z, and Ea, = Aa, NF;'Dfa, = Z,NZ, =
Z, Z (0) = Ca,, implying € £ C.

Lemma 4.13 For any s-homomorphism F: A — B of s-groups and for any s-(normal) subgroups C of A,
F-1F¢ is an s-(normal) subgroup of F~1FA, whenever both C and A are constants on each kernel class.
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Proof: Since C, A are constants on each kernel class and € is an s-(normal) subgroup of A, by 4.10 we have FC
is an s-(normal) subgroup of FA and again by 4.11 we have F~1FC is an s-(normal) subgroup of F~1FA.

Lemma 4.14 For any s-homomorphism F;: A — B of s-groups, and for any s-(normal) subgroup C of A such
that KerF < C, F; 1F,C = C, whenever C is constant on each kernel class.

Proof: Let FC=D. Then D=fC, Up=F,U¢ and Dd = Bd N (U ¢14nc FoCc) for all d € D.

Let 1D = €. Then E = f~1D, Ug = F;'Up and Ee = Ae n Fy ' Dfc for all e € E.

KerF C € implies K = C = A, Ug = KerF, € U¢ and Kk = KerF, € Ck for all k € A.

We show that € = € or (i) E = C (ii) Ug = U and (iii) Ee = Ce foralle € E
(i):E=f1D=ffC=f1(fA)=A=C.

(ii): Ug =F51Up = Fg1(F,U) = U, where the last equality is due to the fact that KerF, € U and by 2(B)(ii).
(iii): Let e € E = C be fixed. Then Ee = Ae N Fy'Dfe = Ae N Fy(Bfe N (Ucer1fenc FoCC)) = Ae N Fg'Bfe n
Fo* (Ueer1fenc FoCO). o B 3

Since C is constant on each kernel class, Cc = Ce for all ¢ € f~fe n C implies U c15nc FoCc = FoCe which
implies Ee = Ae N F51Bfe n Fy! (F,Ce) @Zen Fy'Bfe n Ce @ F5'Bfe n Ce, where the second equality is due
to the fact that KerF,  Ce and the third equality is due to € € A.

Now since F is increasing and C is an s-subgroup of A, F,Ce € F,Ae € Bfe or F,Ce S Bfe which implies Ce €
Fy1Bfe or Ce N F5'Bfe = Ce. Therefore Ee = Ce N Fy'Bfe = Ce or € = €.

The following example shows that the above Lemma is not true if F is not increasing but KerF < € and C is
constant on each kernel class.

Example 22: Let F:A —» B be an s-homomorphism defined by: A = ({a},{(a,Z,)},P(Z,)) = C, B
({b}, {(b, (00}, P(Zy)), £ = {(a,b)} and Fy= 1g,.

Then € is an s-(normal) subgroup of A, KerF=K =({a},{(a, (0))},P((0))) € € and Bfa=Bb = (0) € Z, =
F,Aa, implying that F is not increasing.

Further, C is constant on each Kernel class f~1fa = f~1{b} = {a}, Ca = Z,.

Let FC =D. Then D = fC = {b}, Up = FyU¢ = FyZ, = Z, and Db = Bb N (U cr-1pnc FoCC) = (0) N Z, = (0)

Let F71D =& ThenE=f"'D={a} =C, Uy =F;'Up =Z, = U. and Ea = Aa N F;'Dfa = Z, n (0) = (0) # Z,
= Ca, implying € # C or F~1FC # C.

The following example shows that the above Lemma is not true if F is increasing, KerF < C and C is not
constant on a kernel class.

Example 23: Let F::A - B be an s-homomorphism defined by:A=({a;,a,},{(a1,Z;), (@,,Z4)}, P(Z,)),
B=({b}, {(b, Zy)}, P(Z,)), C=({a1,3,},{(a1,(0)), (a2,Z2)}, P(Z,)). f = {(a1,b), (a,,b)} and F, be the identity
map on Z,. Here Z, = {0, 2}.

Then C is an s-(normal) subgroup of A, KerF=X = ({a;,a,},{(a;, (0)), (a5, (0))},P((0))) or KerF < C.

Bfa, =Bb =17, 2 Z, = FyAa,, Bfa, = Bb = Z, = FyAa,, so that F is increasing.

Further, C is not constant on the kernel class f~fa, = f~'b = {a,,a,}, as (0) = Ca, and Z, = Ca,.

Let F€ =D. Then D = fC = f{(a,,a,)} = {b}, Up = FyUc = FyZ, = Z, and Db = Bb N (U e-1pnc FoCC) = Z, N
(F,Ca,; UF,Ca,) =7, N ((0) UZ,) =Z,.

Let F~1D = €. Then E = f~1D = f~1b = {(a;,a,)}, Ug = F'Up = Z, and Ea, = Aa, NF;'Dfa, = Z,NZ, =
Z, # (0) = Ca,, implying F-1FC =€ # C.

The following example shows that the above Lemma is not true if F is increasing, KerF £ C but C is constant
on each kernel class.

Example 24: Let F::A—-B be an s-homomorphism defined by: A=({a},{(a,Z,)}, P(Z,)),
B=({b}, {(b, Z»)}, P(Z)), €=({a}, {(a, (0))}, P(Z,)). f = {(a,b)} and F, = {(0,0), (2,0), (1,1), (3,1)}.

Then C is an s-(normal) subgroup of A, Bfa = Bb = Z, 2 (0) = FyAa or F is increasing, K =
({a},{(a,Z,)}, P(Z,)), Ker(F) Z € and C is constant on each kernel class f~*fa = f~1b = {a}, Ca = (0).

Let FC =D. Then D = fC = {b}, Up = FyUc = FyZ, = Z, and Db = Bb N (U ¢r-1pnc FoCC) = Z, N (0) = (0).

Let F~'D = €. Then E = f~'D = {a}, Uy = F;'Up = Z, and Ea = AanF;'Dfa = Z, N Z, = Z, # (0) = Ca,
implying F~1FC = € + C.
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Lemma 4.15 For any s-homomorphism F: A — B of s-groups such that A is constant on each kernel class and
for any s-subgroup D of B, FF~1D is an s-subgroup of D.

Proof: Let F~1D = €. Then C = 1D, U, = F;1Up, and Cc = Ac N F;Dfc for all c € C.

Let FC = £. Then E = fC, Ug = FyU¢ and Ee = Be N (U er1nc FoCc) for all e € E.

First observe that C is constant on each kernel class, by 3.1 as A is constant on each kernel class. Since C is
constant on each kernel class, clearly Efc = Bfc n F,Cc for all ¢ € C.

Since s-inverse image of an s-subgroup is an s-subgroup and s-image of an s-subgroup that is constant on each
kernel class is an s-subgroup, C and € are s-subgroups.

Since for any pair of s-subgroups A and B of G, A is an s-subgroup of B iff A is an s-subset of B, it is enough
to show that € is an s-subset of D or (i) E € D (ii) Uy is a subset of Uy, and (iii) Ee is a subset of De for all e €
E.

(): E=fC=f(f"'D) € D.

(ii): Ug = FyUc = Fo(F5'Up) C Up.

- - = — (2 = — —
(iii): Let e € E < D be fixed. Then e=fc for some c € C, Ee=Efc @ Bfcn FyCc @ Bfc N Fo(Ac N FylDfc) <

— — —  @®_ N ) — ®_

Bfc N FyAcn Fy(Fy'Dfc) € Bfc N Fy(Fy'Dfc) € Bfcn Dfc < Dfc @ De, where (2) is due to the definition of
Cc, (3) is due to the fact that (M N N) S (M) n Gp(N), and (5) is due to the fact that ¢~ N S N or Ee is a
subset of De or £ is an s-subset of D.

The following example shows that the containment of FF~1D in D can be proper in the above Lemma.
Example 25: Let F::A—B be an s-homomorphism given by: A = ({a},{(a,Z,)},P(Z,)), B =
({b}, {(b,Z,)},P(Z,)) =D, f ={(a,b)} and F, be the identity map, where Z, = {0, 2}.

Then D is an s-subgroup of B, Bfa = Bb = Z, 2 Z, = F,Aa, implies F is not decreasing, A is constant on each
kernel class.

Let F-1D =¢. Then C=f~1D = {a}, U; = F;'Up = F;'Z, = Z, and Ca= Aan F;'Db = Z, N Z, = Z,.

Let FC = E. Then E = fC = {b} =D, Uy = FyU¢ = FyZ, = Z, = Up and Eb = Bb N (Uer-1enc FoCC) = Z, N Z, =
Z, G Z, = Db, implying € € D.

The following example shows that the above Lemma is not true if A is not constant on each kernel class.
Example 26: Let F:A — B be an s-homomorphism given by: A = ({a;,a,},{(a;,27%), (a,,3Z)},P(Z)),
B=({b}, {(b,Z)}, P(Z))=D, f={(a,,b), (a5, b)} and F, be the identity map on Z.

Clearly, A is not constant each kernel class, Aa, = 27 and Aa, = 3Z.

Let F~1D = €. Then C = f~1D = {a,,a,}, Uc = F;1Up = Z and Ca, = Aa, N F;'Dfa, = 2ZNZ = 2Z, Ca, =
Aa, N F;'Dfa, =3Z N Z = 3Z.

Let FC = . Then E = fC = {b} = D, Ug = FyUc = Z = Up and Eb = Bb N (U er1enc FoCC) = Bb N (FyCa, U
FoCa,) =Z N (2Z U 3Z) = 27U 3Z.

Clearly, € is not an even an s-subgroup of D.

Lemma 4.16 For any s-homomorphism F: A — B of s-groups such that A is constant on each kernel class and
for any s-(normal) subgroup D of B, FF~1D is an s-(normal) subgroup of FF~1B.

Proof: Since D is an s-(normal) subgroup of B, by 4.11 we have F~1D is an s-(normal) subgroup of F~1B.
Since A is F-constant both F~1D and F~1B are F-constants by 3.1 and so by 4.10 FF~1D is an s-(normal)
subgroup of FF~1B.

As mentioned earlier in 2(B)(ii), even in crisp set up for a group homomorphism ¢:A — B and a
normal subgroup D of B, &b¢$~1D is not necessarily a normal subgroup of D when ¢ is a homomorphism of
groups, so a counter example to show that Tpr‘lD is not necessarily an s-normal subgroup of D, can easily be
constructed using empty parameter set s-(sub) group and the details as follows:

Let F: A — B be an s-homomorphism given by: A = (¢, d, P(H,)), B = (b, d,P(A,)) =D, f = {d} and F, be
the inclusion homomorphism of H, into A,, where H, = {e, (12)(34)}.

Then F is trivially preserving, C = F71D = (b,¢,H,) and € = FC = (b, b, H,), clearly £ is not normal
subgroup of D.

In what follows we show that the soft analogue of the crisp result, for subgroups D, ¢¢d~1D = D when ¢ is an
epimorphism of groups, is true.
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Lemma 4.17 For any s-epimorphism F4: A — B of s-groups and for any s-(normal) subgroup D of B, we have
FeFi'D =D.

Proof: Let F~1D = €. Then C = 1D, U, = F;1Up, and Cc = Ac N F;Dfc for all c € C.

Let FC = £. Then E = fC, Ug = FyU¢ and Ee = Be N (U er1nc FoCc) for all e € E.

We show that D = € or (i) E = D (ii) Ug = Up, and (iii) Ee = De for all e € E.

(i): E = fC = ff=1D = D, where the last equality is due to f is onto.

(ii): Ug =FoU = Fo(F51Up) = Up, where the last equality is due to F, is onto.

(iii): Let e € E = D be fixed and c € f~e n C. Then e = fc, Ee = Be N (Uqep-10nc FoCc). Now we show that
FoCc=Deforallcef-tenC.

(a) Since c € f~1e, fc = e. Since D € B, F is decreasing we have De = Dfc € Bfc € F,Ac which implies Dfc N
FoAc = Dfc.

Now F,Cc = Fy(Ac N F5'Dfc) € FyAc N F,Fy1Dfc = FyAc N Dfc = Dfc = De which implies F,Cc € De.

(b) Since F, is onto, we have F,F;'De = De = De N F,Ac which implies De = F,F;'De N F,Ac. Let B € De =
FoFy'De N FyAc which implies B = Fya, a € Fg'De, B = Fyy, Y € Ac which implies Fya = Foy which implies
a—y € kerF, = F31(0) € F;1De with a € F;1De which implies y = y — a + « € F;1De which implies y €
Fg*De N Ac = Cc which implies B = Foy € FoCc which in turn implies De < F,Cc.

From (a) and (b) we get FOCc =DeforallceflenC.

Therefore, U.er1enc FoCC = Ueer1onc De = De, implying Ee = Be N De = De or £ = D.

The following example shows that the above Lemma is not true if F is not decreasing but F is onto.

Example 27: Let F:A - B be the s-homomorphism given by: A = ({a},{(a,Z;)},P(Z,)), B =
(b}, {(b,Z,)},P(Z,)) =D, f ={(a,b)} and F, be the identity map, where Z, = {0, 2}.

Then D is an s-(normal) subgroup of B, Bfa=Bb = Z, 2 Z, = F,Aa, implies F is not decreasing.

Let F-1D =¢. Then C=f~1D = {a}, U; = F;'Up = F;'Z, = Z, and Ca= Aan F;'Db = Z, N Z, = Z,.

Let FC = €. Then E = fC = {b} =D, Uy = FyU¢ = FyZ, = Z, = Up and Eb = Bb N (Uer-1enc FoCC) = Z, N Z, =
Z, # Z, = Db, implying D # £ or FF~1D # D.

The following example shows that the above Lemma is not true if F is decreasing, f is onto, F, is not onto.
Example 28: Let F::A - B be an s-homomorphism defined by: A = ({a},{(a,Z;)},P(Z,)), B =
({b},{b, (0)},P(Z,)) =D, f={(a,b)}, Fy = {(0 0), (1,2)}, not onto and Z, = {0, 2}.

Then D is an s-(normal) subgroup of B, Bfa=Bb = (0) € Z, = F,Aa, |mpI|esT is decreasing.

Let F~1D = €. Then C = f~1D = {a}, U = F;1Up = F;1Z, = Z, and Ca = Aan F;1Dfa = Z, N F;1(0) = Z, N
0)=(0

Ee% 3-"6E =)£. ThenE=fC=fa={b}=D,Ug =F,U.=FyZ, =Z, # =Z, = Up, implying € # D or FF1D # D.

The following example shows that the above Lemma is not true if F is decreasing, f is not onto, F,, is onto.
Example 29: Let F: A — B be an s-homomorphism defined by: A = ({a;,a,},{(a1,Z,), (a3,Z,)}, P(Z,)), B =
({(b1,b2)},{(by, (0)), (b2, Z,)}, P(Z4)) = D, f={(as,by), (a5, by)}, Fy be the identity map on Z,, Z, = {0, 2}.
Then D is an s-(normal) subgroup of B, f is not onto, Bfa, = Bb, = (0) € Z, = F,Aa, and Bfa, = Bb, = (0)
Z, = FyAa,, implies F is decreasing.

Let F-1D = ¢. Then C=f~1D = f~'b, = {ay,a,}, Uc = F;1Up = F;1Z, = Z, and Ca, = Aa, N F31Dfa, = Z, N

(0) = (0) = Cay.
Let FC =E. Then E = fC =f(ay,a,) ={b,} # {(by,b;)} =D, implying € # D or FF~1D = D.

CONCLUSION
In this paper we introduced the notions of generalized soft homomorphism of generalized soft groups,
generalized soft (inverse) image of generalized soft (normal) subgroup under generalized soft homomorphism,
generalized soft kernel of a generalized soft homomorphism etc., generalizing the corresponding existing
notions for a soft group over a group and showed that several of the crisp theoretic results naturally extended to
these new objects too.
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