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ABSTRACT
DC motor as an electric machine have been applied in numerous control systems. However, a critical
parameter of interest that must be evaluated in designing a DC motor based system is the damping constant of
the rotor. This paper analytically examines how to determine the damping constant of the rotor of a 12V DC
motor, with the determination based on the following parameters: Armature resistance (R,), inductance (La),
Capacitance, the Stall current and the Angular rate of excitation of the motor with varying armature excitation
of the current. These parameters help to ascertain the maximum and the minimum operating limit of the motor
so as not to exceed the boundary-operating limits of the 12V motor. Experiments were performed in the
laboratory and at the end of the analysis, the result shows that the value of damping constant of a 12V DC
motor was -3.317 x 10™ N-m-sec?. This parameter can be factored in future control system designs.
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I. INTRODUCTION
A DC motor is the most versatile and widely used rotating electrical machines. Its speed may be easily controlled
or adjusted in very fine increments ranging from initial value to rated speed for which the motor was designed
for; if the speed is not properly controlled, it may reach speeds high enough to cause destruction to the motor.
Meanwhile, speed control of dc motors is achieved by varying the flux (¢) or the armature resistances Ra.
However, if Ra is increased the field current I is decreased. A more insightful overview of DC motor operation
and application in control systems are presented in [3, 5,7, 9,16]
There are several reported applications of DC motors which would be discussed in the research study. [15]
developed a phase variable model of the brushless DC motor. The model was used to examine the performance
of a brushless DC motor speed servo drive system when fed by hysteresis and pulse width modulated current
controller. The simulated result revealed that the large- and small signal responses are the same due to similar
overall speed response.
Furthermore, two methods based on either voltage model and current model from speed and position sensorless
control of permanent magnet brushless DC motor with a sinusoidal flux distribution was reported by [12]
In addition, DC motor was applied in a two-wheeled vehicle because of its configuration with two coaxial
wheels with each coupled to it by [6]. Meanwhile, [8] developed electric power steering systems control logic
for reduction of steering torque exerted by a driver. It improved the return-to-centre performance and realization
of various steering feel. The authors further observed that brushless DC motor possess similar characteristics as
DC motor when it comes modelling.
[18] proposes fractional order, Proportional Integral Derivative (PID) control of a DC motor, which possesses
elastic shaft, and used for position servomechanism control system. The research considered the torsional
flexibility of the motor shaft and actuator saturation. The system has the possibility of better performance in
comparison with conventional integer order PID controller.
Furthermore, [2] presented application of DC motor for driving flapping wings at large wing strokes and high
frequencies. However, in this case instead of the DC motor rotating, it reciprocates, thus avoiding the use of non-
linear transmission. With this improvement, the proposed system could be deployed in autonomous micro-aerial
vehicles. Other applications of DC motors include: electric vehicles [4], granular fertilizer applicator [17], water
pump [19], axis solar tracking system [10], knee prosthetic, [1] and so on. Also analysis and description of DC
motor was reported in [13, 14].
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The response to damping can be under, over and critical damping. The under damped system vyields an
exponentially decreasing sinusoidal output in response to a step input whereas over damped system yield a non-
oscillatory output in response to a step input but has more damping than necessary, in order to achieve the non-
oscillatory output. However critical damped systems yield a non-oscillatory output in response to a step input.
For 12V DC motor to operate efficiently there is a need to know the following parameters as specified by the
manufacturer. The minimum and maximum operating limit capacity of the motor, the damping constant (3) of
the 12V dc and to determine whether the motor is under damping, over damping or critically damped based on
these parameters. Damping is the energy dissipation properties of a material or system under cyclic stress. The
response of a control system consists two parts that is the transient response and steady state response.
Determination of damping constant of motor requires an application that is mathematically inclined, which deals
with the basic principles underlying the design and analysis of the system involved.

If transient response C . and the steady-state response C ., , system response is given by equation (1):

C(t)=C (1) +C (1) (1)
For time constantz , the first order system is given as equation (2)

ot
C(t)+r—=U (1) (2a)
ot
Equation (3) is derived by applying Laplace transform to equation (2) with simplification.
C(s) +7(s)C(s)=U (1) (2b)
C (s) 1 I

C)1+z(s)]=U (s)= = C(s)=U (S)L (3)

U(s) 1+7(s) 1+I(S)J
Meanwhile, an unforced damped harmonic oscillator has the form of equation (4).
C"+24onC’'+ w’nC =w°nC (4)
Where: C and U are function of t.

Mathematically, in most cases over damping is consider appropriate to work with, because the roots are real.

II. METHODOLOGY
The values of armature Resistance R,, armature inductance L, and Capacitance C, were determined in the
laboratory using an instrument called impedance meter and the results obtained are as follows: Ra= 22.13 x 10°
0 ,La=0.125H, Ca=1.702 x 10°F.

DETERMINATION OF THE STALL CURRENT OF THE 12V DC MOTOR

The Voltmeter was connected across the variable power supply; with the ammeter connected in series with motor
as shown in fig. 1. The variable D.C source was set to 3V with the switch ON, the rotor started to rotate, the
armature current on No- load and speed of the motor were measured when the shaft of motor was stalled i.e. (A
zero speed), the armature current was found to have increased and the armature current was read from the
ammeter.

The Experiment was carried out three more times for different voltage ratings of 4.5V, 6V and 9V see table 1

7 a

Fig.1: Circuit of speed of a 12V motor on No-load

DETERMINATION OF THE ANGULAR RATE OF ROTATION OF THE 9V DC MOTOR WITH
VARYING ARMATURE EXCITATION CURRENT

A voltmeter was connected across the variable D.C source, Rheostat, ammeter in series with the motor, with the
counter attached to the spindle of the motor by means of a belt as shown in fig. 2. The variable D.C source was
set to 3V, the D.C source was then ON for a period of 15 seconds, the armature current and the speed of the
rotor position were read from the counter. The angular rates of rotation o were calculated.
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The experiment was carried out for another four more times for different voltage values of 5V, 6V and 9V.See

06
table 2. The angular rotations were also calculated using the expression. @ = —

oT

—

®

9

®

Fig. 2: Circuit of the speed rotational of a 12V DC motor

I1l. DISCUSSION OF RESULTS
Table 1: Results obtained for the speed of a Motor on No-load

V (V) Stall Current Iz (mA) No-load current I (mA)
3 0.012 0.01
45 0.07 0.05
6 0.135 0.10
9 0.28 0.25
Table 2: Results obtained for the angular rotation of a 9V DC Motor
v .
\Y la(mA) T/(sec.) 0 o(rps) ®“(rps)
3 20.00 15 143 9.53 90.80
5 26.30 15 250.33 16.69 278.56
6 29.30 15 289.6 19.31 372.88
9 30.20 15 321 21.40 458.10
ANALYSIS AND DISCUSSION OF RESULTS
Graph of V against w Graph of V against w2
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Fig. 1.2a: Graph of V against o Fig.1.2b: Graph of V against o’

It is assumed that all initial conditions are zero.
Taking the Laplace transform of equation (4) and further simplification, we obtained equation (5)

s’C(s)+ 2¢wsC (s) +  "C(s) = “U (s)
C(s):[s2 +2¢a)s+a)2 =o'U (s)]

2

C(s) =

2 — U (s) (5)
S" + 2¢0S + @
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1
But U (s) isthe unit step, thatis, U (s) = —
S
Hence, equation (5) becomes the expression shown in equation (6),

2
(0]

C(s) = (6)

s(s2 + 290 S + wz)

The solution is of the form, with p, and p, being the poles of the system

AO Al AZ

C(s)=—+ + @)
s  (s-p,) (s-0p,)

(S-pyy and (S-p.) are the roots of quadratic equation of the form

—b+4b2-4ac

2a
From equation 4

—2¢0 £ (2w )’ — 4o’ - 240 t\4p’0w’ - 4o’
- 2 B 2
240 t20+p° -1 —go t o -1

2 2
When the magnitude is positive, P, = —go + o+/¢° -1 P, = —go — @+J¢ " -1
By partial fraction resolution,

1 1
A :1,A:———LA = - ¢

0 1 ! 2
2 24¢% -1 2 24¢% -1
By applying inverse Laplace transform after substitution, equation (8) is realized.
Ct)=1+ A" + A" (8)

Fig. 3: A schematic of motor generator system with inertia load J, viscous damping B at angular velocity

Analysis of the Mathematical Model of DC Motor Operation

If the torque of the DC motor isT Nm , moment of inertia is J Nms ° and the damping constant is £ Nms ;
then

T=10+p6 9)
Taking the Laplace transform of equation (9) gives equation (10).
T(s)=Jds"+0(s)+ B sO(s) (10)
However,
Tw=FEl, Rl (12)
Where:

E = EMF generated by the motor (V )
I, = armature current(A)

R = resistance of the motor (Q )
It is to be noted that equation (9) can be put in the form shown in equation (12).
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T=1Jo+ po (12)
Substituting equation (11) into (12), we obtained:
Joo+ fo = El Rl . (13)
Let K =1,,C =Rl .~ (Ohmic loss). Hence,
Jow + po "—~KE =-C (14)
Thus,
1 . 2
E =—(Ja)a),8w +C) (15)
K
let w’=x = E=——x-Jdo
K
At the steady state @ = 0
= E = ix
K
Hence the slope of fig. 3 is equated to the equation to gives the values of B
ie M = i
K

Where K, =Current on No-load.
Similarly Ks =Stall current

M- 7wk =-8
K

S

M= 2ok =-B=>MK =-8 = - =Ml
K

0

= —-f,=0.033170 x 0.01 x10 -

3

=-3.317 x10 'N —m - sec
Similarly at stall

~p =Ml =B =-0.03370 x0.012 x10

3

~4.044 x10 'N - m - sec
From equation 4
1= Steady State,

A ™ + A, ¢ " =Transient State,

If 9 <1; Complex root = under damping, If 4 >1; Real & unequal roots = Over damping, If ¢ =1;
Real & equal roots = critically damping

1IV. CONCLUSION AND RECOMMENDATION

From the Mathematical Modelling and analysis of 12V DC Motor, the value of the Damping Constant () was
found to be -3.317 x 10™ N-m-sec?. This value is very significant in the determination of damping constant in
the designing processes, this value should be taken into consideration when determining whether the damping of
a rotor of a motor is under, over or critically damped and should be properly looked into in order to avert
under-designing and if this is taken into account, the life span of the motor would be prolonged and unwarranted
forms of damages and breakdown of the components of the motor as a result of voltage fluctuation would be
averted. However from the analysis Damping Constant of -3.317 x 10" N-m-sec? <1this mean that the value of
¢ is complex root meaning that the system is under damping.
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