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ABSTRACT
Initial and boundary value problems of the inhomogeneous Weber differential equation are treated in this work.
General solutions are expressed in terms of the parametric Nield-Kuznetsov functions of the first and second
kinds, and are computed when the forcing function is a constant or a variable function of the independent
variable.
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I. INTRODUCTION
In a recent article, Alzahrani et al. [1] discussed how Weber’s differential equation can be used in modelling
flow through porous layers with variable permeability. In particular, they showed that the inhomogeneous Weber
ordinary differential equations (ODE) of the form

2

u”+(y7—a)u= f(y) :ac® ()

wherein prime notation denotes ordinary differentiation with respect to the independent variable y, plays an
important role in the study of transition layer introduced by Nield and Kuznetsov, [2].

Equation (1) and its more general forms have received considerable attention in the literature due to its many
applications in mathematical physics, (cf. [3] and the references therein). The elegant discussion of equation (1)
by Temme, [3], illustrates that the homogeneous part of (1) possesses the parabolic cylindrical functions,
W (a,Fy), as solutions, where y and a are real numbers. These solutions represent a linearly independent,

numerically  satisfactory pair of solutions for allye ®, with a Wronskian given by

W(W (a, x) ,W (a,—x))=1. Computational techniques of the functions W (a,¥y) have been provided by
many authors, and include the efficient algorithms developed by Temme, [4], and Gil et al., [5].
Computations of solution to (1) when the forcing function f (y) is a constant function of the independent

variable have been obtained by Abu Zaytoon et al. [6], who used computational procedures outlined in Gil et al.,
[5] to obtain solutions to initial and boundary value problems involving (1) with a constant forcing function f(y).
In the work of Alzahrani et al. [1], general solutions to the inhomogeneous equation (1) were expressed in terms
of the parametric Nield-Kuznetsov integral functions of the first and second kinds, valid for constant and
variable forcing functions, respectively. Series expressions for the said Nield-Kuznetsov functions were also
developed.

In the current work, we provide solutions to initial and boundary value problems involving equation (1) and
subject to the initial conditions:

u(0) =« and u’(0) = B ...(2)
or subject to the boundary conditions:
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u(a,)=b, and u(a,) =b, ...(3)

where « , g , a,, a,, b,and b, are real numbers.

Solutions and computations are provided for the cases of f (y) being either a constant function or a variable

function of the independent variable, in order to study the effects of the forcing function on the behavior of the
solutions obtained.

I1. SOLUTION PROCEDURE
General solution to equation (1) is given by, [1], [6]:

u=c, W(a,y)+c,W(a-y)-K, (a,y) ...(8)

where ¢, , c,, are arbitrary constants, W (a,y) and W (a,—y) are the Weber functions with parameter a,

[3]. and K , (a, y) is the parametric Nield-Kuznetsov function of the second-kind, defined by, [1]

y y
K,(a,y)=W (a,—y)_[ F ()W '(a,t)dt + W (a, y)J' F (t)W '(a,—t)dt ...(5)
with first derivative given by

y y
K!(a,y)=W'(a, y)j F ()W '(a,—t)dt — W ’(a,—y)j F ()W '(a,t)dt — F (y) ...(6)

wherein F'(y) = f(y).

When the forcing function is a constant, say f (y) = « , general solution (4) takes the form
u=cW(a,y)+cW(a,—y)-«N (a,y) ...(7)

where N (a,y) is the parametric Nield-Kuznetsov function of the first-kind, defined by, [1]:

y y

N, (a y)=W(a,y)[W (a,-t)dt -W (a,-y)[W (a,t)dt .(8)
0 0

with first derivatives given by
y y

N/ (a,y)=W'(a, y)JW (a,-t)dt +W ’(a,—y)J‘W (a,t)dt . ...09)

0 0
In order to obtain solutions to the initial and boundary value problems, general solutions (4) and (7) must satisfy
condition (2) for initial value problem, and condition (3) for boundary value problem. This requires
determination of the arbitrary constants appearing in (4) and (7). In what follows, the arbitrary constants are
determined for cases of constant and variable forcing functions.

In arriving at the expressions for the arbitrary constants, use is made of the following values at zero of the Nield-
Kuznetsov functions of the first and second kinds, obtained directly from equations (5), (6), (8) and (9), namely:

N, (a,0)=N/(a,0)=0 ...(10)
K,(a,0)=0; K/(a,0)=-F(0) ...(11D)

and values of the Weber functions w (a,0) and W '(a,0) , reported in the literature [3,4,5], as:

1/2

1 ia
r(—+—)
W (a,0) = 4 2

77 3 ia ...(12)
r(—+—)
4 2

(2)
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3 ia 1/2
1 L(—+—)
W'(a,0)= - ——|—+—2 .(13)
4
W 1 [r(1/4) jm
(0,0) = — ..(14)
(2) I (3/4)
, 1 [r(3/4)J“2
W '(0,0) = - —— . ...(15)
(2) T (1/4)

I1l. SOLUTION TO THE INITIAL VALUE PROBLEM (IVP)

111.1. Constant Forcing Function:
When f (y) = « , where « is a given constant, the use of initial conditions (2) in the general solution (7)

yields the following values for the arbitrary constants ¢, , ¢, :

_ aW '(a,0) + AW (a,0) (16)
H 2W (a,0)W '(a,0)
W '(a,0) - W (a,0)

2W (a,0)W '(a,0)

.(17)

2w

111.2. Variable Forcing Function:
When f (y) is a variable function of y, using initial conditions (2) in gerenal solution (4) yields the following

values for the arbitrary constants ¢, , c

2w

LW (@.0)+W (a,0)(p + K, (2,0)) ..(18)

2W (a,0)W '(a,0)

_aW'(a,0)-W (a,0)(8 + K, (a0)) (19)

2W (a,0)W '(a,0)

IV. SOLUTION TO THE BOUNDARY VALUE PROBLEM (BVP)

IV.1. Constant Forcing Function:
When f (y) = « , using boundary conditions (3) in gerenal solution (7) yields the following values for the

arbitrary constants ¢, and ¢, :

bW (a,~a,) -b,W (a,~a,) + x[N,(a,a)W (a,—a,) — N, (a,a,)W (a,~a,)] ...(20)
e W (a,a,)W (a,—a,) -W (a,a,)W (a,—-a,)
bW (a,a,)-b,W(a,a,)+«x[N,(a,a)W (a,a,) - N,(a,a,)W (a,a,)] ..(21)
o W (a,—a,)W (a,a,) -W (a,—a,)W (a,a,)

1V.2. Variable Forcing Function:
When f (y) is a variable function of y, using boundary conditions (3) in general solution (4) yields the

following values for the arbitrary constants ¢, and ¢, :
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bW (a,—a,)-b,W (a,-a,)+ K,(a,a,)W (a,-a,) - K, (a,a,)W (a,~a,) ...(22)

Cc =

1w

W (a,a,)W (a,—a,) -W (a,a,)W (a,—a,)

bw(a,a,)-b,W (a,a,)+ K (a,a,)W (a,a,)—- K (a,a,)W (a,a,) (23)
c - .

2w

W (a,—a,)W (a,a,) -W (a,—a,)W (a,a,)

V. COMPUTATIONS OF SOLUTIONS TO IVP AND BVP
V.1. Series Expressions for the Parametric Nield-Kuznetsov Functions
In order to determine values of the arbitrary constants, given by expressions (16)-(23), and to evaluate solutions
to IVP and BVP, we need to evaluate Weber functions and the parametric Nield-Kuznetsov functions at the
given values of the independent variable, y. These have been developed in [1] and in [6], as follows.

The following series expressions have been developed in [3,4,5], for the Weber functions w (a,y) and
W (a,-y):

Zn 2n+1

Yy

W , W 0 w 0 S, e ...(24
(a,y) =W (a, )nzop (a)( )+ ‘(a, )nzo (a)(2n+1)! (24)
Zn y2n+1
W - =W 0 -W 0 J, e ...(25
(a,-y) (a, )nzop (a)( 2o '(a, )nzo (a)(2n+1)! (25)
' y2n—1 2n
W '(a,y) =W (a, O)nzlp (a)( Y +W '(a, O)nzlé (a)(Zn)l ...(26)
2n y2n—1
W '(a,- w 0 o, -W 0 e ...(27
(a,~y)=W'(a, )nzl (a)( e (a, )nle (a)(2n_l)! (27)
1
Poir = apm—;(n+1)(2n+1)pn ...(28)
S..,(a)= aﬁm(a)—i(n +1)(2n +3)5 (a) ...(29)
2
p,(a)=1;p(a)=a;d,(a)=1;6,(a)=a. ...(30)

Using equations (24)-(30) in the definitions of N (a,y) and K (a,y), given by (5) and (8), we obtain the
following series expressions:

|’ 5 y2n+1 30 - y2n+l ]
a a)———
I Lz (2n+ ).JHLZ:O 7% 2n +1)!J> I
N, (a,y) =2W (a,0)W '(a, 0), o . | ..(31)
| -3 5 ( y |
] nzop()(z )'<Z a(2n+2)'J>J
K,(a,y)=2W '(a,0)W (a, 0)[2 P, (a) ]j[z s, (a)F(t)( )']dt : ...(32)

V.2. Numerical Experiment
Assume that it is required to solve (1) subject to initial conditions u(0) = 2,u’(0) = 1 or boundary conditions

u(0) =1,u(@) = 2. The forcing function is either constant, f (y) = « = 1 and f(y)=x =— i, or
Vs T

variable f(y) =1y, f(y)=y”° and f(y) =sin y. Then, expressions (16)-(23) are evaluated for the
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arbitrary constants using expressions (24)-(32). Solutions to IVP, and to BVP, are then evaluated and plotted
over the interval 0 < y <1 for the various values of parameter a = 0, 1, 2, -1, as discussed in the next section.

V.3. Solution to the Initial Value Problem (I\VP)

Values of the arbitrary constants, computed using (16)-(19) are given in Table 1 for the various values of
parameter a tested. These values are independent of the forcing function, and they have the same values for both
constant and variable forcing function in equation (1).

Table 1. Values of arbitrary constants in I\VVP with constant forcing function
for different values of parameter a .

All f(y) C,y C,y

a=0 — 0.04502460 512 2.00050673 9
a=1 0.635608249 O 2.09857042 9
a=2 1.06562955 2 2.26617879 8
a=-1 0.635608249 O 2.09857042 9

Solution curves for f(y)=x = 1/~ are shown in Figure 1(a-f). Figure 1(a-d) provide a comparison
between the solution profiles of f (y) =1/~ and f(y)= -1/~ , for each of the values of parameter a

tested, and show the relative positions of the solution curves. For positive values of a, the solution curves
corresponding to both forcing functions are exponential, and get closer to each other as a increases. This might
point to the conclusion that when a gets large enough one might expect the solution to (1), with constant forcing
function, to become independent of the forcing function.

When a =0, Figure 1(a) shows an almost linear solution curve for f (y) =1/ , and a parabolic curve for
f (y) = -1/~ whose vertex does not fall within the interval 0 < y < 1. Figure 1(d) shows parabolic curves,
when a = -1, with vertices representing maximum points over the interval 0 < y < 1.

Comparison of the solution curves for different values of a is given in Figure 1(e), for f (y) =1/~ , and in
Figure 1(f), for f (y) = =1/~ . The solution curve corresponding to a = 0 is an almost linear, increasing curve

for both constant forcing functions tested. Above this curve lie the exponentially increasing solution curves
corresponding to a > 0, and below which lies the parabolic curve that corresponds to a < 0.

¥
0
]

I
O
]

8]
N

[

e s e 1c_'=—1-'7r|

Fig. 1(a). Solution to I\VVP for Constant Forcing Function f(y) = x = ¥1/x ; a=0.
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4_
3.5 .
E{u. ]
3 —
251 -
2 -
(0] o2 O 4 O G o8 1
pr
I w=1s9T === - - IC:—l.-'Tl.'I

Fig. 1(b). Solution to IVP for Constant Forcing Function f (y) = x = ¥1/r ; a=L1.

%]

I— wo=1/ 0 - - - - - 1c_'=—1.-'ﬂ'|

I

w2
1 .9
1.8
o o2 o4 0.6 o8 1
i
| =1/ ~=="" K_'=—]..-'TI.'I

Fig. 1(d). Solution to IVP for Constant Forcing Function f (y) = x = ¥1/x ; a=-1.
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Fig. 1(f). Solution to I\VP for Constant Forcing Function f (y) = x = -1/ x and Different Values of a.

Solution curves for the 1\VVP with variable forcing function are shown in Figures 2(a-g). Relative positions of the
curves for each value of a are illustrated in Figures 2(a-d), and their shapes depend on the value of a in much
the same way as for the case of constant forcing function.

Effects of changing a for each of the variable forcing functions f (y) = y, f(y) =y’ and f (y) = sin vy,

are illustrated in Figures 2(e,f,g), respectively. Again, the solution curve corresponding to a = 0 is an almost
linear, increasing curve for all variable forcing functions tested. Above this curve lie the exponentially increasing
solution curves corresponding to a > 0, and below which lies the parabolic curve that corresponds to a < 0. This

pattern persists for all forcing functions tested.

3= -~ -
-~
e
/
2 8 -
/
-
o =
2 .6
. e
i P
2 4
2 2
2 T T 1
il o2 o4 0.6 o8 1
3
|- = = = fiyy=y — — fy)=y"2 fly=sin{yv |

Fig. 2(a). Solution to I\VP for Variable Forcing Function f (y) ; a=0
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a
4 f/
7
=
=
3.5 o
=
Eﬁw
3]
2.5+
2 T T 1
0] L e L (N o8 1
3
- - - o=y — — fv)=y"2 fy)=sin(y)]
Fig. 2(b). Solution to IVP for Variable Forcing Function f (y) ; a=1.
&
5_
2, 47
3_
2 T T T T v
il o2 O 4 0.6 o8 1
3
== - - fyyy — — fly)=y"2 fly)=sini(y )|

Fig. 2(c). Solution to IVP for Variable Forcing Function f (y) ; a=2.

2254

I-a

-

L
i

*w 2.101
2054
2 -
o 02 0.4 0.6 0.8
3
[ =+ - fiyl=y — — fiy)=y"2 f(v)=sin(v)|
Fig. 2(d). Solution to I\VP for Variable Forcing Function f (y) ; a=-1.
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2 . 1 —
] 02 o4 0.6 0.8 1
»
I a:= ----- a=] — — ga:=2 — - — a:=—1|

Fig. 2(e). Solution to IVP for f (y) = y and Different Values of a.
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e
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34 -~ P
-
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-
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| a:= ----- a=] —— a:=2 — - — a:=—1|

Fig. 2(g). Solution to IVP for f (y) = sin y and Different Values of a.
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V.4. Solution to the Boundary Value Problem (BVP)
Values of the arbitrary constants, computed using (20) and (21), are given in Table 2 for the various values of
parameter a and constant forcing functions.

Table 2. Values of arbitrary constants in BVP with constant forcing function
for different values of parameter a .

f(y)=r=— f(y)=r=-—
T T
a=0 c,, = 0404814662 7 | c,, = 0731733018 6
c,, = 138258573 1 c,, = 170047908 6
a=1 c,, = 0487465431 4 c,, = 0.271486559 2
c,, = 0.879623908 5 c,, = 109560278 1
a=2 c,, = 0.980515307 8 c,, = 0.815467277 2
c,, = 0.685338365 2 c,, = 0.8504368%6 0
a=-1 c,, = —0.488908752 8 | c,, — —0.744556596 9
c,, = 185599809 1 c,, = 211164593 5

Solution curves for f (y) = x = 1/~ are shown in Figures 3(a-f).

the solution profiles of f(y)=1/~ and f(y) = -1/~ for each of the values of parameter a tested, and

show the relative positions of the solution curves. For positive values of a, the solution curves corresponding to
both forcing functions are parabolic with vertices representing minimum points. For negative a, solution curves
are parabolic with vertices representing maximum points. When a = 0, the solution curve corresponding to

f(y) = -1/ is parabolic with a vertex representing a maximum point while the solution curve corresponding
f(y)=1/r cases,
to f (y) = —1/ = are higher than the curves correspondingto f(y) =1/~ .

Figures 1(a-d) provide a comparison of

to is an increasing, almost linear curve. In all the curves corresponding

Comparison of the solution curves for different values of a is given in Figure 3(e), for f (y) =1/~ ,and in

Figure 3(f), for f (y) = =1/~ . The solution curve corresponding to a = 0 is an almost linear, increasing curve

for both constant forcing functions tested. Above this curve lie the parabolic solution curves corresponding to a
< 0, and below which lies the parabolic curve that corresponds to a > 0.

1c=—1-"rr|

Fig. 3(a). Solution to BVP for Constant Forcing Function f (y) = x = ¥1/x ; a=0.
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1 44

I— wo=1/qc = == =~ 1c=—1.-"rr|

I— w=1/m=-"-"-- 1c=—1.-'7r|

|— w=1/m=""-"" 1c=—1.-'7r|

Fig. 3(d). Solution to BVP for Constant Forcing Function f (y) = x = ¥1/ 7 ; a=-1.
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4] o2 o4 0o 0.8 1

ar=Q ----- a=] —— a=2 —--— a—-1 I

24 Pk
- - ‘.’,.;"'
R i
- -~ s
1.8 Px "_.{,.-’
e S
./ -7 /
1.6- - -,
-~ Ve
i, s .
/ .- e
1.4+ Y -
’ P
e -
121 _.f -~
F i //
£ —
T -
1 - T T T 1
] o2 o4 0.6 08 1
¥
I ar=0----- a=] — — a=2 — —a——ll

Fig. 3(f). Solution to BVP for Constant Forcing Function f (y) = x = -1/ and Different Values of a.

Values of the arbitrary constants, computed using (22) and (23), are given in Table 3 for the various values of
parameter a and variable forcing functions.

Table 3. Values of arbitrary constants in BVP with variable forcing function for different values of parametera .

f(y)=1y f(y)=y’ f(y)=siny
a=0 c,, = —0.396690350 7 | c, =-0482355352 O |c, = —0.404848146 7
c,, = 137443141 9 c,, = 146009642 0 c,, =138288%21 5
a=1 c,, = 0.480170650 9 c,, = 0433500765 9 c,, = 0.483774402 8
c, = 0877918688 9 | c, =093358574 3 |c, =0.883314937 5

2w 2w 2w

a=2 c,, = 0.979208378 4 c 0.937340165 7 c,, = 0.975627812 7

1w 1w 1w

c,, = 0686695794 6 | c,, —0.728564007 8 | c,, — 0.690276360 6
a=-1 |c,, =-0477808756 1 |c, =-0546034310 5 | c, = -0.484930278 8
c,, — 184498809 5 c,, = 191312364 9 c,, = 18520191 7
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Solution curves for the BVP with variable forcing function are shown in Figures 4(a-g). Relative positions of
the curves for each value of a are illustrated in Figures 4(a-d), and their shapes depend on the value of a in
much the same way as for the case of constant forcing function. For the three variable forcing functions tested
for 0 < y <1, solution curves are very close to each other and assume similar parabolic shapes. This might be
indicative of lesser influence the forcing functions have on the solution, as compared to the influence of
parameter a, as illustrated in Figures 4(e,(f,g), for each of the variable forcing functions f (y) = vy,

f(y)=y” and f (y) = sin y . For each of the variable forcing functions, the solution curve corresponding to

a = 0 is almost linear, increasing curve for all variable forcing functions tested. Above this curve lies the
parabolic solution curve corresponding to a < 0, and below which lie the parabolic curve that corresponds to a >
0. This pattern persists for all forcing functions tested.

21
1.8
P
P £
1 .6 P -
Y =
-
144 e
o
-
r
124 =
1 T T T T 1
o 02 04 0o ] 1
N
[ = - - =y — — fiy)=y"2 fly)=sin(v)|

Fig. 4(a). Solution to BVP for Variable Forcing Function f (y) ; a=0.

2 -
1.8
1 .64
%, A
1.4+ o
P
s
—
124 _
e
=
P
1 T T T T 1
o 0z 04 0.6 08 1
N
[= = - - fiy)=y — — fiy)=y"2 fly)=sin(y)|

Fig. 4(b). Solution to BVP for Variable Forcing Function f (y) ; a=1.
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[ o=y — — f=y > (3 )=sin(y)|
Fig. 4(c). Solution to BVP for Variable Forcing Function f (y) ; a=2.

B —
—
—
e
1.8 e
e
e
S
1 .64 //
s
o Y
P
1.4 -
P
124
1 T T T T 1
o oz 04 0.6 (] 1
.
[= = - - fizd=y — — fiy)=y"2 fily)=sin(y)|

Fig. 4(d). Solution to BVP for Variable Forcing Function f (y) ; a=-1.

= ----- a=]1] —— a=2 —-— a=-1 |

Fig. 4(e). Solution to BVP for f (y) = y and Different Values of a.

DOl : 10.9790/1813-0603010924 www.theijes.com Page 22



Preparation of Papers for the International Journal of Engineering and Science..

l
Fig. 4(f). Solution to BVP for f (y) = y* and Different Values of a.

2 -

a=Q ----- a=] —— a=2 —--— a=—1 I

a=—=0 = =-=--- a—] — — g =23 — - — g —_1 I

Fig. 4(g). Solution to BVP for f (y) = sin y and Different Values of a.

VI. CONCLUSION

In this work we considered initial value and boundary value problems associated with Weber’s inhomogeneous
ordinary differential equation with real parameter a. Both cases of constant and variable forcing functions have
been treated using five selected functions. Solutions have been expressed in terms of the parametric Nield-
Kuznetsov functions of the first- and second-kind, and evaluated using computational procedures based on
power series for the Weber and the Nield-Kuznetsov functions. Computations of the arbitrary constants and the
solutions are tabulated or graphed in this work, and support the following conclusions.

(@) Values of the arbitrary constants in the case of initial value problem are independent of the forcing function

(b)
(©)

(d)

in Weber’s equation. Rather, they depend on the real parameter a.

Values of the arbitrary constants in the case of boundary value problem depend on both the forcing function
in Weber’s equation and on the real parameter a.

For the initial value problem with constant or variable forcing functions, the solution curve corresponding to
a = 0 is an almost linear, increasing curve for all variable forcing functions tested. Above this curve lie the
exponentially increasing solution curves corresponding to a > 0, and below which lies the parabolic curve
that corresponds to a < 0.

For the boundary value problem with constant or variable forcing functions, the solution curve
corresponding to a = 0 is an almost linear, increasing curve. Above this curve lies the parabolic solution
curve corresponding to a < 0, and below which lie the parabolic curve that corresponds to a > 0.
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