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- ABSTRACT --
The solution of a highly nonlinear fluid dynamics was found for low Prandtl number fluids like mercury,
sodium, potassium, and sodium-potassium alloy (NaK) at different Rayleigh number to test the efficiency of an
algorithm based on lattice Boltzmann method. Because the inertial force is the main domination in the flow, and
the viscous effects are limited to the very thin boundary layers so there is highly nonlinear flow. The algorithm
used is double SRT (single relaxation time) thermal lattice Boltzmann method. SRT method was used for a
D2Q9 model for the velocity field and SRT method for a D2Q5 model for the temperature field. The results
obtained are steady state solution for some cases and oscillatory solution for some other. The results are the
streamlines of the velocity field, isotherm for the temperature field and Nusselt number for the heat transfer.
From the simulation, we conclude that for the same Rayleigh number lower Prandtl number weak the effect of
convection, make higher oscillation amplitude and make a longer period of oscillation .but for the same Prandtl
number with higher Rayleigh number make more Convection effect and more time of oscillation.
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l. INTRODUCTION
Lattice Boltzmann method evolved from Lattice Gas Cellular Automata method [1]. The first time to simulate
flows by LBM was in 1988. LBM is a very efficient method for simulating flows in simple or complex
geometries and several physical systems [2]. It was developed to be an alternative humerical scheme to solve the
incompressible Navier-Stokes equations. Because it is easy in implementation, natural parallelism and easy
treating of boundary condition it makes it easy and accurate for hydro dynamical flows. The first beginning of
Thermal lattice-Boltzmann models was after the publication of McNamara and Alder paper in 1993 [3]. In this
paper, a thermal lattice Boltzmann model was developed, but the method they developed need additional
velocities to maintain stability. Then the passive-scalar approach by Shan [4], when they simulate two and three
dimensions Rayleigh-Bénard convection using two-component lattice Boltzmann equation method. He et al [5]
proposed a thermal distribution model to study thermal hydrodynamics in the incompressible limit; in his model,
he introduced the simulation of the temperature field by an internal energy density distribution function. Peng et
al [6] proposed a thermal energy distribution models which were simplified by removing the gradient term for
the temperature. Khiabani et al [7] proposed a method in which he combined energy equation with the lattice-
Boltzmann method. The hybrid method is one of the efficient ways to solve the thermal flow problems while
avoiding the complications added by thermal lattice-Boltzmann method [8]. Lattice Boltzmann method is used
for applications that involve multi phase flows [9-11], also Lattice Boltzmann method is capable for
implementations on parallel processors such as graphics processing units [12]. In Lattice Boltzmann method
there are mainly two types of collision operator. The first is BGK model based on a single relaxation time (SRT)
this model was proposed by Bhatnagar, Gross, and Krook [13], this method gets high success due to its easy
implementation and the ability to do complex geometries [14-15]. The second type of collision operator called
Multiple Relaxation Time (MRT) [16]. This model makes high advantages compared to the BGK model due to
its stable solution at high Reynolds numbers. Liquid metals or alkali metals (highly conducting) have special
features in heat transfer which we did not see in other fluids. These fluids have a high thermal conductivity
which leads to low Prandtl numbers. Alkali metals [17] are perfect working fluids in heat exchangers because
they have low viscosity, low density, and high thermal conductivity. Also, they have a high boiling point and a
low melting point which makes it easy for us to handle them efficiently with a high temperature in the liquid
state. These fluids are used efficiently as a primary coolant for Liquid Metal Fast Nuclear Reactors (LMFR).
Because the metal coolants have much higher heat capacity than water, which is used in most reactor designs,
they remove heat more rapidly and allow much higher power density. This makes them attractive in situations
where size and weight are at a premium, like on ships and submarines. To improve cooling with water, most
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reactor designs are highly pressurized to raise the boiling point, which presents safety and maintenance issues
that liquid metal designs do not have. Additionally, the high temperature of the liquid metal can be used to
produce vapor at higher temperature than in a water cooled reactor, leading to a higher thermodynamic
efficiency. This makes them attractive for improving power output in conventional nuclear power plants.

Sodium-potassium alloy (NaK) is an alloy of sodium and potassium, which is usually liquid at room
temperature. NaK containing 40% to 90% potassium by weight is liquid at room temperature [18], so it has
suitable properties as working fluids in heat exchangers. Our main objective is simulating Natural Convection of
Low Prandtl Number Fluids. Cavities transient natural convection was studied experimentally by Pamplin and
Bolt et al [19] and Kamotani and Sahraoui et al [20] by using mercury, and by Yewell et al [21], Iveyg et al [22]
they used water or a glycerol-water mixture for high range Rayleigh numbers. There were temperature
oscillations were observed at a low frequency for the mercury results. Inconsistent results were obtained with
water and with a gylcerol-water mixture. Yewell et al [21],did not get oscillations in the flow at the high
Rayleigh number. But Ivey et al [22] observed oscillations in temperature at the high Rayleigh number. The
low-Pr fluids numerical simulation were done in many pioneering papers, for example, natural convection was
predicted for a liquid metal (Pr= 0.005) at Grashof number of 1 x 107 [23] but a critical Grashof number
convection was not determined [23]. Stewart and Weinberg [24] observed that the streamlines are nearly square
for high Pr number and are nearly circular for low Prandtl number (Pr = 0.013) flows. Mohamad and Viskanta et
al [25] studied also the transient convective motion in a two-dimensional square cavity for low Prandtl number
fluid by finite difference method for Prandtl number (0001 t00.01) and for Grashof numbers up to 1 x 10’
Kosec and Sarler et al [26] solved the low Prandtl number natural convection problem as a benchmark. A
meshless method low Prandtl number solidification problems were solved by Kosec and Sarleret al [27]. Li et al
[28] discuss the solution of low Prandtl number melting problem with double single relaxation time (SRT)
model, they solve conduction and convection controlled melting problems to validate their method. Z. Li, Mo
Yang, and Y. Zhang et al [29] solve the natural convection with low Prandtl number(0.001 —0.01) by double
multiple relaxation time (MRT) model. And investigate the effects of Rayleigh number and Prandtl number
when the natural convection results oscillate. The objective of our work is to employ double single relaxation
time (SRT) model to analyze the low Prandtl number natural convection problems. And investigate the effects
of Rayleigh number and Prandtl number when the natural convection results oscillate or reach steady state.

1. PROBLEM STATEMENT
The problem we are dealing with is shown in Fig (1), the considered domain is a square shaped cavity filled
with low Prandtl number incompressible fluid,with vertical left and right walls are maintained at constant but
different temperatures, while the rest walls are adiabatic. For all walls, the Non-slip boundary condition is
applied. The problem of natural convection is solved by applying Boussinesq assumption. The description of

the problem will be by the following governing equations:
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The boundary condition for the above equations:
U(X,0) = UX,L) = U(0,Y) = U(L,Y) = 0 5)
V(X,0) = V(X,L) = V(0,Y) = V(L,Y) = 0 (6)
M %0 =0 T xw=o0 0<X<H 7
S_X( ,0)=0, S_X( L) = <X < ™
T(Or )’) = Th ,T(L,y) = Tc (8)

T, +T,

Tn=—7%— €)

X and Yare the distances measured along the horizontal direction and the vertical direction respectively, U and
V are the velocity components in the X and Y directions respectively, T for the temperature; P for the pressure
and p is the density; T, and T, are the hot temperature and cold temperature for the walls, respectively, His the
side of the square of cavity, a is the thermal conductivity, v is the kinematic viscosity and 7 is the time.
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2.1. For non-dimensional variables
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Where Pr is the Prandtl number, Ra is the Rayleighnumber, Ma is the Mach number which must be lower than

0.3 for stability reasons and c, =% is the speed of sound for the lattice model D2Q9, u and v are

dimensionless velocities,t is dimensionless time, p is dimensionless pressure, © is the dimensionless
temperature, u, is the characteristic velocity and its value must not exceed 0.1 to get accurate results because it
is related to Mach number The dimensionless governing equations are written as shown below:
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The boundary condition for the above equations:
u(x,0) = u(x,L) =u(0,y) =u(L,y) =0 (16)
v(x,0) = v(x,L) =v(0,y) =v(Ly) =0 17)
96 26 o

a—x(x, 0)=0 ,e—x(x, L)=0 ,adiabaticwalls (18)
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Fig (1): Natural convection model.

Nusselt number is one of the most important dimensionless numbers in heat transfer which is the ratio of
convection to conduction heat transfer across the boundary.

00
= (20)
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Where h is the convective heat-transfer coefficient and k is the thermal conductivity.
The average Nusselt number can be obtained from the following equation:

Nugy,e =fNu dy 21)

Another important number is the Fourier number Fo when dealing with oscillation with time and it can be
obtained from the following equation.
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Fo=— (22)

To make a LBM simulation with time steps t, gy and a mesh size N with real time domain t,; and real domain

H, we have to make their Fourier numbers correspond:
a, t area trea
Fo = LEIIV\IIZLBM - 11-12 l (23)
Wherea; 5, the Lattice Boltzmann thermal conductivity and ., the real thermal conductivity.

1. DOUBLE SRT THERMAL LATTICE BOLTZMANN MODEL
Double single relaxation time (SRT) thermal lattice Boltzmann model was chosen to solve the natural
convection problem.D2Q9-SRT is applied to solve the velocity field and the temperature field is solved by
D2Q5-SRT.

3.1 D2Q9-SRT for fluid flow

a two-dimensional model of the lattice Boltzmann model of nine discrete velocities called D2Q9 shown
in Fig (2) is used for the single particle distribution functions f;(x,t) which is used to get the dynamic field
simulations.

7 3 6
4

] 2
8 5 9

Fig (2): nine direction velocities in D2Q9 model.

The famous Bhatnagar—Gross—Krook[13] approximation for the lattice Boltzmann equation without external

forces can be written as:
of; of;

—+qg—= Q)

ot 9X

e ) @4

Bhatnagar-Gross-Krook et al [13]appro-ximatedthe collision operator ‘Q, as a relaxation of the distribution
functions towards the equilibrium distributionfunctions. And below the approximation for the lattice Boltzmann
equation without external forces:

fi(x + AL, t+ At) — fi(x,t) = Q(f) + At F; (25)
fi(x + AL, t+ A — fi(x,t) =

1
—T—(fi(x,t)— £9%,0)+ At F;  (26)
T, =30 405 @7)
Where v is the lattice Boltzmann kinematic viscosity , F;is the external force term ,t,is the relaxation time for

velocity field ,fiare the particle distribution functions defined for particle velocity vectors c;that will be defined
below for the model D2Q9 which is preferred for the velocity field .

¢ =(0,0)c for i=1
¢ = (£1,0); (0,£1)for i = 2:5 (28)
c; = for (£1,£1) for i = 6:9

X is the position and t is the time. And f;*? is the local equilibrium distribution function for the velocity field
which is defined below (Ganzarolli and Milanez et al. [30]):
9,0 =wp [1 + 3 C'C—Zv

i 2 .
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Where wis the weighting factors for each direction , it is given by w;=4/9, w;_,.5=1/9 , w;_4.9=1/36 where v
is macroscopic velocity, pis the density and c is the lattice velocity and it is given by:

_A&x Ay
<= E B E - - -
Where Ax equals At equals Ay, all are set to unity and the external force is given by:
(T_ Tm) i
F, = Swipgp—" (30)

The macroscopic velocity v and the density p can be calculated from the equation below:
8 8

p=Yfi VD= afikD (D
i=0

i=0

3.2 D2Q5-SRT for the heat equation
Single relaxation time D2Q5 model is used to get the temperature field. In each node, there are five
discrete velocities. Where g;are the particle distribution functions defined for particle temperature vectors u;that
will be defined below for the model D2Q5 which is preferred for the temperature field and the model is shown
in figure(3) :
i 98 _ .
ot tu ax Q(g) )
Q)=-—GE-8&" 62
g
gi(x + wAt, t+ At —gi(x,t) = Q(g)
gi(x+ uAt, t+ At) —gi(x,t) =

1
—— (g0 - g (x,1) (33)
Tg

1, =3a+05 ,Pr=E (€L)]

Where o is the lattice Boltzmann thermal diffusivity and t,is the relaxation time for temperature.
u; = (0,0) for i =1
, u = (£1,0); (0,+1)for i = 2:5 (35)
The temperature equilibrium distribution functions g;*? can be taken first order (Mohamad et al [31]).
g0, ) = wi,T[1+3 %] (36)
Where w1,is the weighting factors for each direction and it is given by w1,_,=1/3, w1,_,.5s=1/6, where v is
macroscopic velocity, Tis the temperature. And the dimensionless temperature can be defined as:
5

o= Z g 37
i=0

IV. BOUNDARY CONDITIONS.
4.1 Flow Boundary conditions.

Simple bounce-back boundary conditions are used in all solid boundaries. It means that incoming
boundary populations are equal to outgoing populations after the collision. Only three distribution functions
needed to be computed in each wall and the rest distribution functions were computed from the streaming
process. The following condit-ions are imposed on all boundaries:

5

Fig (3): five direction velocities in D2Q5 model.

left wall f(2,n)=f(4,n) , f(6,n)=f(8,n), f(9,n)=Ff(7,n)
right wall ~ f(4,n)=f(2,n) , f(8,n)=f(6,n), f(7,n)=f(9,n)
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(38)
south wall ~ f(3,n)=f(5,n) , f(6,n)=F(8,n), f(7,n)=Ff(9,n)
north wall  f(5,n)=f(3,n) , f(8,n)=f(6,n), f(9,n)=F(7,n)

Where n is the lattice on the boundary.

4.2 Temperature boundary condition.

The natural convection problem under studying has only two types of boundary conditions: constant
temperature and adiabatic. After streaming process for the temperature distribution functions g; in all
boundaries, only one unknown of them has to be found. For adiabatic boundary, if x; is the fluid node adjacent
to the boundary and the energy distribution function g; (x¢ , t) is unknown and has to be found but we have
found from the streaming process the value of the energy distribution function g;~(x; , t) in the opposite
direction so:

gixe, ) = g (X, 1) (39)

We use here the same boundary condition for the energy distribution function which was proposed by
Tang et al. [32, 33] when he uses three kinds of thermal boundary condition encountered in practical
applications.

In our study for the known temperature on the left and right walls will be like that:
For the left wall the unknown distribution function.

92=1-(01+0s+ s+t Gs) (41)
For the right wall the unknown distribution function.
04=0-(01+0g2+0s +0s) (42)

IV. RESULTS AND DISCUSSIONS

For Pr =0.005, Ra = 15000 results shown in Figure (4) show that the streamlines are almost circular shape, with
one circulation and there might be weak circulations at the corners. There are negative streamline values which
indicate clockwise circulation,which is shown in Figure (4) which indicates the effect of Prandtl number on the
isotherms. Figure (4) present our data agreeing with the results of Mohamad et al. [25] which is shown in Figure
(5). The time history of Nusselt number is shown in Figure (6) and the average Nusselt number oscillates around
2.1which is shown clearly in Figure (6) but this not agree with Mohamad et al. [25] because, he said it will reach
2.1013 but without oscillation but this might because he used grid 81 x 81 and | used grid 182 x 182 but the
main number 2.1 is the same.

5k
I
01gl
‘\

I ) I
o 02 03 M 05 0 U 08
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MR
Fig (5): Isotherms and Streamlines for Pr =0.005, Ra = 15000 Mohamad et al [25] .

DOI: 10.9790/1813-0612022135 www.theijes.com Page 26



Double SRT Thermal Lattice Boltzmann Method for Simulating Natural Convection...

enn
N-HJI/H Hllﬂt‘( ] | |
| I{MJ\J{';"\M(\(

S
[t

2 ok

sl |
I

1 7 m""”” BRRAEE
. i:: U 'uf \‘JF liJI lJ U | \l | [y | \‘.-’ I

| L L L L h L L
01 DZ 03 DA 05 06 07 DB 09 1 01 02 03 04 05 06 07 08 08 1

Fig (7): Isotherms andStreamlines for Pr =0.005, Ra = 25000, present work.

For Pr =0.005, Ra = 25000 results shown in Figure (7) & (9). From Figure (9) the average Nusselt
number oscillates around 2.325 and this number is close to what Mohamad et al. [25] found (average Nu
=2.321) and also the flow field with time. The corner circulations are shown in Figure (7) and these circulations
change shape and position with time as observed from the oscillation. Figure (9) show that the oscillations
strength increases with the Nusselt number.

~ 2 |
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Fig (9): Time series of the average Nusselt number at left wall for Pr=0.005 and Ra = 25000.
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Fig: (10) Time series of the average Nusselt number at left wall for Pr=0.005 and Ra = 50000.

For Pr =0.005, Ra = 50000 results shown in Figures (10) & (11) & (12). The figures show that there is

an oscillatory solution , the average Nusselt number against Fourier number (Fo) is shown in Figure (10) , it
oscillates around 2.66 which give a good result as compared with (Z. Li, Mo Yang , and Y. Zhang et al. [29])
when they give average Nusselt number oscillates around 2.65. Figure (11) show that there is small vortex in the
center which is rotating and changing position with time. Figure (12) show the isotherm of the model with
different time which indicating change in the isotherm at the position of the small vortex.
For Pr=0.01 and Ra = 10000, the results are shown in Figures (13) & (14). Figure (13) show the
streamline and the isotherm of the model, there is no oscillation in that model, there is one vortex at
the center due to the effect of convection and that agree with Kosec and Sarler et al [26] and Z. Li, Mo
Yang, and Y. Zhang et al [29]. Figure (14) show the Time series of the average Nusselt number at left
wall, the model reaches the steady state and reaches a value 1.962 which is close to 1.95 which was
done by
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Fig (11): Streamlines for Pr =0.005, Ra = 50000 at different Fourier number (Fo) .
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Fig (12): Isotherms for Pr =0.005, Ra = 50000 at different Fourier number (Fo).
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Fig (13): Streamlines and isotherms for Pr =0.01, Ra = 10000.
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Fig (14): Time series of the average Nusselt number at left wall for Pr=0.01 and Ra = 10000.

Z. Li, Mo Yang, andY. Zhang et al. [29]and also to that of Kosec and Sarler et al [26]. For Pr=0.01
and Ra = 50000, it is different from the previous case where the oscillation occurs in the solution and
it is shown clearly in streamline in Figure (15) more than in the isotherm for temp-erature in Figure
(16) for different Fourier number (Fo) , where the small vortex at the center rotates clockwise
direction .
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Fig (15): Streamlines for Pr =0.01, Ra = 50000 at different Fourier number (Fo) .
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Fig (16): Isotherms for Pr =0.01, Ra = 50000 at different Fourier number (Fo).

And the vortex changes position with time that leads to temperature field changing with times
also. Figure (17) shows the variation of the average Nusselt number with different Fourier number
(Fo) and from the figure, it is clear that the Nusselt number oscillates around 2.8 which was done by
Z. Li, Mo Yang, and Y. Zhang et al. [29] And also agree in a close range to that of Kosec and Sarler

etal. [26].
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Fig (17): Time series of the average Nusselt number at left wall for Pr=0.01 and Ra = 50000.
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Fig (18): Streamlines for Pr =0.01, Ra = 100000 at different Fourier number (Fo) .
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Fig (20): Time series of the average Nusselt number at left wall for Pr=0.01 and Ra = 100000.

To study more the effects of high of Rayleigh number on the natural convection simulation was done for
Pr=0.01 and Ra = 100000. This case also has oscillatory solution but in this case, it oscillates a round a wave
and that is shown in Figure (20) which represent the average Nusselt number with different Fourier number (Fo)
which agree with that done by Z. Li, Mo Yang, and Y. Zhang et al. [29]. Figure (18) show the streamlines
number with different Fourier number (Fo) and the figure shows the rotation of the vortex at the center of the
cavity with time. Figure (19) show the isotherm of the temperature with different Fourier number (Fo) but it is
clear that the changing with streamline is more than that of the isotherm which agree with that done by Z. Li,
Mo Yang, and Y. Zhang et al. [29].

The last simulation was done with an important liquid which is sodium-potassium alloy. Which is
made of two alkali-metals sodium (Na) and potassi-um (K), which is usually liquid at room
temperature. This liquid has many important applications like in nuclear reactor and in heat
exchanger. Prandtl Number of sodium- potassium alloy was taken as Pr=0.054 in our simulation.

For Pr =0.054, Ra = 5400, the results are shown in Figures (21) & (22). Figure (21) show the streamline and the
isotherm of the model and there is no oscillation in that model, there is one vortex at the center due to the effect
of convection and that agree with S.Saravanan and P. Kandaswamyet al [17]. It can be seen from Figure (22)
which represents the Time series of the average Nusselt number at the left wall that the model reaches the steady
state and reaches a value 1.768 which is close to 1.7751which was done by S.Saravanan and P. Kandaswamy et
al [17].
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Fig (21): Streamlines and isotherms for Pr =0.054, Ra = 5400.
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Fig (22): Time series of the average Nusselt number at left wall for Pr =0.054, Ra = 5400.

For Pr =0.054, Ra = 10800, the results are shown in Figures (23) & (24) & (25). Figure (23) show the streamline
and the isotherm of the model, there is no oscillation in that model and there is one vortex at the center and that
agree with S.Saravanan and P. Kandaswamyet al[17] as we see in their results which are shown in Figures (24).
Figure (25) show the Time series of the average Nusselt number at left wall, the model reaches the steady state
and reaches a value 2.1472 which is close to 2.1493 which was done by S.Saravanan and P. Kandaswamy et al
[17].

For Pr =0.054, Ra = 100000, the results are shown in Figures (26) & (27).]. It can be seen from Figure (26) the
streamline and the isotherm of the model and there is no oscillation in that model and there is one vortex at the
center.
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Fig (23): Streamlines and isotherms for Pr =0.054, Ra = 10800, present work.
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Fig (25): Time series of the average Nusselt number at left wall for Pr =0.054, Ra = 10800.
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Fig (26): Streamlines and isotherms for Pr =0.054, Ra = 100000.
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Fig (27): Time series of the average Nusselt number at left wall for Pr =0.054, Ra = 100000.

Figure (27) show the Time series of the average Nusselt number at the left wall that the model reaches the
steady state and reaches a value 3.7682. From looking at the results there increase in average Nusselt number as
we increase Rayleigh number and there is a big change in the streamlines as it changes from almost a circle to a
potatoes shape and also there is a big change in the isotherm shapes.
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V. CONCLUSIONS
Simulation of natural convection for low Prandtl number fluids (0.005 — 0.054) by double single
relaxation time lattice Boltzmann thermal model was carried out. The simulation was carried out for different
cases at different Rayleigh number and the results agree with the reference results well. So we conclude that
double SRT thermal LBM is valid to simulate low Prandtl number fluids.

From the results we conclude that for the same Rayleigh numberlower Prandtl number weak the effect
of convection, make higher oscillation amplitude and make, longer period of oscillation .but for the same
Prandtl number with higher Rayleigh number make more Convection effect and more time of oscillation.

NOMENCLATURE
c lattice speed
cpspecific heat (J/kg K)
¢, sound speed
c;particle speed
f,density distribution
F;body force
Fo Fourier number
g;energy distribution
k thermal conductivity (W/m k)
Ma Mach number
p pressure (Pa)
P non-dimensional pressure
Pr Prandtl number
Ra Rayleigh number
T time (s)
T temperature K
U velocity in x-direction (m/s)
u; Particle speed in energy distribution
u non-dimensional velocity in x-direction
V velocity in y-direction (m/s)
v non-dimensional velocity in y-direction
o thermal diffusivity(m2/s)
B thermal expansion (K™
© Non-dimensional temperature
K Viscosity (Kg/ms)
p Density(kg/m3)
t non-dimensional time
v kinematic viscosity (m%s)
T, hot temperature
T, cold temperature
H side of the square of cavity
SRT single relaxation time
Q collision operator
T, relaxation time for velocity field
£;°4 local equilibrium distribution function for the velocity field
w;is the weighting factors for each direction for velocity distribution function
T,is the relaxation time for temperature
g;*d Temperature equilibrium distribution functions
w1, is the weighting factors for each direction for temperature distribution function
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