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--------------------------------------------------------ABSTRACT----------------------------------------------------------- 

In this paper, we state the Adomian Decomposition Method (ADM) for third order time-invariant linear 

homogeneous differential equations. And we applied it to find solutions to the same class of equations. Three test 

problems were used as concrete examples to validate the reliability of the method, and the result shows 

remarkable solutions as those that are obtained by any knows analytical method(s). 
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I. INTRODUCTION 
Linear time-invariant differential equations plays important role in Physics because it assumes the law of nature 

which hold now and are identical to those for times in the past or future. This class of equation has wide 

application in automated theory, digital signal processing, telecommunication engineering, spectroscopy, 

seismology, circuit and other technical areas. Specifically in telecommunication, the propagation medium for 

wireless communication systems is often modeled with this class of equations. Also, this class of equation has 

tremendous application in dynamics.  

Many physical systems are either time-invariant or approximately so, and spectral analysis is an efficient tool in 

investigating linear time-invariant differential equations. In this paper, we apply the powerful ADM to find 

solution to third order linear time-invariant differential equations. The ADM has been a subject of several 

studies [1-6]. It seeks to make possible physically realistic solution to complex real life problems without using 

modeling and mathematical compromises to achieve results. It has been judged to provide the best and 

sometimes the only realistic simulation phenomena. 

In compact form, the general third order time-invariant linear differential equation is given as 

                        ))t(x),t(x,t(f)t(x                                                                                                          (1) 

With initial conditions given as 

                        C)t(xandB)t(x,A)(x    

ADM gives a series solution of x which must be truncated for practical application. In addition, the rate and 

region of convergence of the solutions are potentially short or long coming. The series of x can rapidly converge 

in small and wide region depending on the problem at hand. 

 

II. THE THEORY OF ADM 
By [5] the ADM of equation (1) is given as; 

                                     x                                                                                                                   (2) 

Where  is a differential operator, x and  are functions of t in this case. In operator form, equation (2) is 

given as; 

                                     xxx                                                                                                 (3) 

 ,   and  are given respectively as; highest order differential operator with respect to t of   to be inverted, 

the linear remainder operator of   and the nonlinear operator of   which is assumed to be analytic. The 

choice of the linear operator is designed to yield an easily invertible operator with resulting trivial integration. In 

this article 
3

3

dt

d
 . Furthermore, we emphasize that the choice of   and concomitantly it inverse 1

  are 

determined by a particular equation to be solved. Hence, the choice is non-unique. For equation (1), 




.dtdtdt(.)
1  That is, a three-fold definite integral operator from t0 to t. For a linear form of equation (3), 

0x   and we have; 
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                        ]x[x
1


                                                                                                          (4) 

ADM decomposes the solution of equation (1) into a series; 

                        






0n
n

xx                                                                                                                           (5) 

Where   incorporates all the initial conditions which is considered as x0. For details of ADM theory see [1-6]. 

 

III. ILLUSTRATION 
In this section we give examples on how ADM can be used to find solutions to third order linear time-invariant 

differential equations. 

Problem 1 

                              0xxxx                                                                                                            (6) 

With initial conditions given as 

                                  1)0(xand0)0(x,1)0(x    

The exact solution of (6) is; 

                                 tcosx                                                                                                                      (7) 

The series form of (7) is ; 

                               
108642

t
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1
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1
t

!6

1
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!4

1
t

!2

1

!0

1
x  .   .   .                                                   (8) 

Applying equations (2) to (5) on (6), we obtain; 
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       222120
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039658240001605715325
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71
  

       23
t
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Proceeding in this order, we have that; 

                     




10

0n

108642
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40320

1
t

720

1
t

24

1
t

2

1
1x .  .  .                            (9) 

Comparing equations (8) and (9), we find that they are the same. The similarities between the exact solution and 

ADM solution of problem 1 is further shown in Fig. 1 and Fig. 2. 

 

 
 

Problem 2 

   0xx5x4x                                                                                                                              (10) 

With initial conditions given as 

                                  23)0(xand7)0(x,4)0(x    

The exact solution of (10) is; 

                                 t5t
ee25x


                                                                                                (11) 

The series form of (10) is ; 

 8765432
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t74x  -  .  .  .              (12) 

Similarly, applying equations (2) to (5) on (10), we obtain; 
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Continuing in this order, we have; 



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Where  


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Equation (13) is the ADM solution of problem 2 i.e. equation (10). The terms of equation (13) are exactly the 

same as those of equation (12), which is the classical solution of problem 2. The similarity between the exact 

solution and that of ADM is further depicted in Fig. 3 and Fig. 4. 

 

 
 

Problem 3 

   0x25x                                                                                                                                              (14) 

With initial conditions given as 

                                  5)0(xand5)0(x,1)0(x    

The exact solution of (14) is; 

                                 t5sint5cos
5

1

5

4
x                                                                                           (15) 

The series form of (15) is ; 

                
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Similarly, applying equations (2) to (5) on (14), we obtain; 
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Continuing in this order, we have; 

         
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Equation (17) is the ADM solution of problem 3 i.e. equation (14). The terms of equation (17) are exactly the 

same as those of equation (16), which is the classical solution of problem 3. The similarity between the exact 

solution and that of ADM is further depicted in Fig. 5 and Fig. 6. 

 

 
 

IV. CONCLUSION 
We have successfully applied ADM to third order linear time-invariant differential equations. Although in the 

ADM we considered only finite terms of and an infinite series, nonetheless, the result obtained by this method 

are in total agreement with their exact counterparts. This consideration is some worth obvious in Fig. 2, Fig. 6 

and not in any way obvious in Fig. 4.  Possible extension of the method to 4
th

 order linear differential equations 

can be investigated. 
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