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ABSTRACT
This article presents a subdivision approach that subdivides a parameter curve in a binary style. The new
subdivision approach, which is of high precision, is naturally incorporated with a full binary tree and can be
realized with a firmware. The approach is valuable in developing embedded system or SoC.
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I. INTRODUCTION

Subdivision has been a primary approach in geometric modeling, as surveyed in [1] to [5]. Anyone who
has known computer aided geometric design (CAGD) knows that curves and surfaces of CAGD can be generated
by De Casteljau or De Boor subdivision, as shown in [6] and [7]. It is also known that these algorithms are only
suitable for software of conventional systems. With the development of embedded system, most classical
algorithms cannot be afforded to the new system due to limitation of resources in the embedded system, as
introduced in [8],[9] and [10]. Therefore, finding new approach that fits the embedded system becomes a new
research target for engineers of embedded system. Since 2010, WANG began to publish his researches in treating
data of embedded system by binary tree [10]-[13] and applied the approach to fast computation of cubic Bernstein
polynomial [14] by firmware. WANG’s researches imply that curve subdivision can be performed via direct
firmware computation in an embedded system or SoC. This paper extends WANG’s approach to a general case.

I1. PRELIMINARIES

We need first a simple review of binary tree and subdivision of curves to establish the later contents.
Let T be a full binary tree whose depth isn (n > 1) and rootisT, ; let S be an array that stores all the nodes of T in the

way from top to bottom and from left to right, and M be an array that stores the sequence of T’s inorder traversal.
Denote ~ to be T’s node at the j"(j=o0,1..,2" -1) position of level k(k = 0) ; then we have the following

Lemma 1, which was stated in [10] and [11].

Lemma 1. The index of the node N (k, j)of Tis2*"+ jinS,2"*(2j+1) in M, as shown in Fig.1
Array of Sequential Storage
Node| ... ‘ Nky) | ... ‘ ‘
Addr. ‘ 2514 | |

‘ Nky) \ Array of Inorder Traversal
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Q/ ________________ \ONode S .| Ny)

Fig 1. Mapping of T’s Node to Its sequential and inorder traversal storage
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Lemma 2. Each subdivision of a curve makes the curve into two ones that are of the same property as the original
subdivided curve.

Comments: By modeling theory of CG/CAD/CAM, curves are represented by Bezier’s model, or B-spline’s
model or NURBS’s model. Each of the models has its own subdivision algorithm. For example, the Bezier curves
are subdivided by De Casteljau algorithm, the B-spline curves and the NURBS curves are subdivided by De Boor
algorithm. By these algorithms, each subdivision makes the original curve into two sub-curves that are of the same
property as the original curve.

I11. SUBDIVISION OF BINARY TREE STYLE
In this section we put forward a subdivision that incorporates with a full binary tree and makes an
evaluation on the subdivision.

3.1 Curve’s Binary Subdivision

Let’s first suppose a subdivision is done on an open curve g(i)(t < @), where o is a real interval. Without loss of
generality, we suppose 3 (t) is regular and so it is homoeomorphous to a line segment and can be reparamerterized
into interval [0,1]. Figure 2 illustrates its binary subdivision process, in which the circle marks are points from the
subdivision.

The 1* time
The 2™ time

The 3" time

The n" time
Fig. 2 subdivision process of an open curve

For convenience, we denote the subdivision point from the 1** subdivision by ﬂ(i) , the two points from the 2™
2

two subdivisions by () - ﬁ(%) and #¢3) - ﬁ(%) , and so on. Then after the n™ subdivision, we obtain
4 2 4 2

2" —1 points and arrange them from the top to bottom and from the left to right by the following sequence

1 1 3 1 2(i-2"""+1 2" -1
B B sy, p B 2 )
2 2 2 2 2 2
It is easy to show that the arbitrary item in (1) is to calculated by
Aizﬂ(w)vi=1v2,...,2nfl (2)

where c is the total valid bits in integer i's binary representation, for example, when i=1; ¢=2 wheni-2,3;
when i=30,c=4;and ingeneral,c =k when 2**<i<2"-1

It is obvious that each item in (1) is one-to-one corresponding to T 'S nodes if we adopt the following storage
strategy
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[ 1
| Nwoy = B(2)
‘ 2
1 3
Ni,o € BN, < B(=)
2 2

©)

2j+1 ‘

\

\

\ .
{N(M)cﬁ( v ), j=0.1,..2"-1

In this way, all the subdivision points are stored in a full binary tree, as depicted in figure 3.

Fig.3 Binary storage of data from subdivision

Let S be a linear storing structure that is used to store the full binary tree; then it knows that S is T’s sequential
storage as given bellow.

1 1 3 1
So=B(2)S, =B ()8, = B(7)8,, = B
2 2 2 2

- (@)

3.2 Properties of the Subdivision

The binary subdivision is proved to have the following properties.
1. Convergence to the curve when n - o .

2 "_1) - g (1) . Hence we know the sequence (1) converges to

Actually, when n - o« , /J(i") > B(0),5(
2 2

B(t)(t e[0,1]) . AS g (t) is supposed to be regular, it is sure the subdivision converges to the curve.

2. T’s inorder traversal sequence is exactly the sequence of points from the curve’s start to its end. Or it exactly and
sequentially draws the curve p by taking points from T’s inorder traversal sequence.

In fact, T’s inorder traversal sequence is as follows
2" 2" 41 2" -3 2"

1
), B3 B(——) eery B
2 2 2

1 1
BB ) B(—) 5)

3
—) VB ey B
2 2

n

2
whose general item is

Ai:ﬁ(i—n),izl,z ..... 2" -1 (6)
2
It is obvious that (5) is sequentially arranged from the start point to the end point of g (t) .
3. Approximative precision ¢ of the subdivision is = = 0 (—).
2

Actually, by (5) it knows
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j+1 i1 j
5=l B(—) - (=) — 1B ()|
2 2 2 2

Since p'(t) is a continuous real function on (0,17, we know there exists a L > o such that

15 ()< L
2
That is
L
§<— 7
o (7
On the other hand, since each inter-point, say -, , must have two neighbor points, ,@(“;ﬁl) and ﬁ(42j":3) , as
2
shown in figure 4, it yields
2j+1 4j+1 4j+2 4j+1 1 4j+1 L
A=l (=) - B A=) - A=) e = 1 B () 1< =
2 2 2 2 2 2 2
Considering this result and (7), it yields
1
£=0(—) (8)
2
2j+1
A

2

4j+1 f
Bl—) @/G/\Qﬁ([”:f)
2 2

Fig.4 A inter-point and its two neighbors

4. Process of the subdivision can be done by firmware in parallel mode.
For example, we can first design a unit CU to calculate g (i) , then the whole sequence (5) can be calculated by an
2

integrated chip that is designed in term of figure 5, in which the unit at the j™ position on the k™ level, where
k>o0and j=0,1,.2"%-1,outputs its computation to the address that is indexed by 2" (2 j + 1) in memory M.

Obviously, the computation can be performed in parallel mode. Readers may find more details of such design in
[16].

Fig.5 Design of parallel computing chip

cu
— |3
cCu [_| ]l CU
E— E—
cu cu cu cu

Memory
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IV. ALGORITHM TO REGENERATE CURVE

It is seen that our subdivision computes the mid-point s (=) . This is unlike the classical algorithms that
2

1, . . . .
compute g (—) first. Therefore, it needs a way to obtain s (0) and its followers so that a curve can be continuously
2

drawn or shown. Fortunately, we have Lemma 1 that maps an inorder traversal sequence to a sequential sequence.
Then we can design algorithm to do the work.
Binary Subdivision Algorithm

Input data:

(1) B, &,

(2) Linear storing structure M.
Computing Process

Step 1. Compute depth of binary tree: n = —| log, ¢ |

n+1

Step 2. Reallocate length of M to 2" —1.
Step 3. For k=0 to k=n do
Forj=0to j=2“-1do
n-k - 2 J +1
MI[2" " (2j+D]=p( oy )
End j
End k

Output data: M that stores g 's sequential data.

Note that, for £ =107, we can also estimate n by the following formula
n<|a(+2.321928) | 9

V. CONCLUSIONS
Subdivision of a curve of a surface is a primary issue in geometric modeling. Embedded system or SoC requires
new approach to perform the their computation. An algorithm that can be realized with a firmware is particularly
valuable for an embedded system. This article shows that there exist such algorithms. The author hopes that more
valuable approaches will come into being.
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