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In this paper, root supermultiplicities and corresponding combinatorial identities for the Borcherds
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l. INTRODUCTION

The theory of Lie superalgebras was constructed by Kac in 1977. The theory of Lie superalgebras can
also be seen in Scheunert(1979) in a detailed manner. The notion of Kac-Moody superalgebras was introduced
by Kac(1978) and therein the Weyl-Kac character formula for the irreducible highest weight modules with
dominant integral highest weight which yields a denominator identity when applied to 1-dimensional
representation was also derived. Borcherds(1988, 1992) proved a character formula called Weyl-Borcherds
formula which yields a denominator identity for a generalized Kac-Moody algebra.Kang developed homological
theory for the graded Lie algebras in 1993a and derived a closed form root multiplicity formula for all
symmetrizable generalized Kac-Moody algebras in 1994a. Miyamoto(1996) introduced the theory of
generalized Lie superalgebra version of the generalized Kac-Moody algebras(Borcherds algebras). Kim and
Shin(1999) derived a recursive dimension formula for all graded Lie algebras. Kang and Kim(1999) computed
the dimension formula for graded Lie algebras. Computation of root multiplicities of many Kac-Moody algebras
and generalized Kac-Moody algebras can be seen in Frenkel and Kac(1980), Feingold and Frenkel(1983),Kass
et al.(1990), Kang(1993b, 1994b,c,1996), Kac and Wakimoto(1994), Sthanumoorthy and Uma
Maheswari(1996b), Hontz and Misra(2002), Sthanumoorthy et al.(2004a,b) and Sthanumoorthy and
Lilly(2007b). Computation of root multiplicities of Borcherds superalgebras was found in Sthanumoorthy et
al.(2009a). Some properties of different classes of root systems and their classifications for Kac-Moody algebras
and Borcherds Kac-Moody algebras were studied in Sthanumoorthy and Uma Maheswari(1996a) and
Sthanumoothy and Lilly(2000, 2002,2003,2004, 2007a). Also, properties of different root systems and complete
classifications of special, strictly, purely imaginary roots of Borcherds Kac-Moody Lie superalgebras which are
extensions of Kac-Moody Lie algebras were explained in Sthanumoorthy et al.(2007,2009b) and Sthanumoorthy
and Priyadharsini(2012, 2013). Moreover, Kang(1998) obtained a superdimension formula for the homogeneous
subspaces of the graded Lie superalgebras, which enabled one to study the structure of the graded Lie
superalgebras in a unified way. Using the Weyl-Kac-Borcherds formula and the denominator identity for the
Borcherds superalgerbas, Kang and Kim(1997) derived a dimension formula and combinatorial identities for the
Borcherds superalgebras and found out the root multiplicities for Monstrous Lie superalgebras. Borcherds

superalgebras which are extensions of Kac Moody algebras A, and A, were considered in Sthanumoorthy et
al.(2009a) and therein dimension formulas were found out.In Sthanumoorthy and Priyadharsini(2014), we have
computed combinatorial identities for A, and A, and root super multiplicities for some hyperbolic Borcherds

superalgebras.
The aim of this paper is to compute dimensional formulae, root supermultiplicities and
corresponding combinatorial identities for the Borcherds superalgebras which are extensions of Kac-Moody

algebras B, and B, .
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. PRELIMINARIES
In this section, we give some basic concepts of Borcherds superalgebras as in Kang and Kim (1997).

Definition 2.1: Let I be a countable (possibly infinite) index set. A real square matrix A = (a, ), ., iscalled
Borcherds-Cartan matrix if it satisfies:
(1)a, =2 ora, <0 foralliel,

A

(2)a; <0ifi= janda, €z ifa, =2,
Ra,=0=a, =0
We say that an index i isreal if a, = 2 and imaginary if a, < 0. We denote by

1" ={iel]la, =2, 1" ={iella, <0}
Letm ={m, e Z_, |ie I} beacollection of positive integer suchthat m , =1 forall i< I“.Wecall m a
charge of A .
Definition 2.2: A Borcherds-Cartan matrix A is said to be symmetrizable if there exists a diagonal matrix
D = diag (¢,;ie I) with &, > 0 (i e I') suchthat DA is symmetric.
Let C = (c;), ., beacomplex matrix satisfying c,c, =1 forall i, j e I . Therefore, we have ¢, = +1
forall ie I .Wecall i e I anevenindexif c, =1 andanoddindexifc, = -1.

even ( Iodd

We denote by 1 ) the set of all even (odd) indices.

Definition 2.3: A Borcherds-cartan matrix A = (a;) is restricted (or colored) with respect to C if it

i,jel

satisfies:
If a, =2 and ¢, = -1 then a, are even integers for all j e I . In this case, the matrix C is called a

coloring matrix of A .
Let h=(® _,Ch,)® (®,_,Cd,) be a complex vector space with a basis {h,,d ;ie I}, and for each

i e |, define a linear functional «, € h * by

a (h)=a,, a(d)=05, for all jel . .. ( 2.1)
If A is symmetrizable, then there exists a symmetric bilinear form () on h* satisfying
(a;la;)=ca; =ca, foralli,jel.
Definition2.4: LetQ = &, Za;and Q, =" Z_ .a,, Q_ = -Q, . Q iscalled the root lattice.

The root lattice Q becomes a (partially) ordered set by putting 2 > x ifandonlyif 4 — x € Q .

The coloring matrix C = (c ) defines a bimultiplicative form 6 : Q xQ — C * by

el
ﬁ(ai,aj) =cy for alli, jel,
Ola + B.y)=0(a,7)0(B.7),
Ola,p+y)=0(a,B)0(a,y)
forall «, 8,y € Q . Note that 6 satisfies
O(a,B)0(L,a)=1forall a,f € Q cceeeees ... (2.2)
since c,c, =1 forall'i, je I .Inparticular 6(a,a) = +1 forall « € Q .
Wesay € Q isevenif 8(a,a) =1 andoddif 8 (a,a) = -1.

Definition 2.5: A ¢ -colored Lie super algebra is a Q -graded vector space L = & ,_, L together with a

bilinear product [,]1: L x L — L satisfying

[La’Lﬂ]C La+ﬂ’

[x,y]=-0(a, B Y. x],
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[x.[y.z]]= [Tx, yl 21+ 6 (a, B y.Ix, 211
forall e, peQand xeL,, yel, zelL.
In a ¢ -colored Lie super algebra L = @ ,
[x,[x,x]] =0 if « isodd.
Definition 2.6: The universal enveloping algebra U (L) of a @ -colored Lie super algebra L is defined to be

oL, for xe L, , we have [x,x]=0 if a« is even and

T (L)/J, where T (L) is the tensor algebra of L and J is the ideal of T (L) generated by the elements
[X,y]-x® y+60(a,B)y® x (xelL, ,ye Lﬁ).

Definition 2.7: The Borcherds superalgebra g = g(A, m,C) associated with the symmetrizable Borcherds-
Cartan matrix A of charge m = (m,;i e I) and the coloring matrix C = (c;), ., is the ¢ -colored Lie

super algebra generated by the elements h,,d (iel) e, f, (iel, k=12 - ,m,) with defining
relations:

[h,.h,] [h.d ]=[d,.d ]=0,

[hi’ejl = aijejl’[hi’fjl]:_aijfjl‘
[di’ejl = 6ijejl’[di’fjl]:_§ijfjl‘
[eik‘ f]l] = 5ij5k|hi
1-a.. 1-a..
(ade ,) "e, = (adf,) " f, =0if a, =2and i= j,

le, e, ]

fori,jel, k=1 ,m, I=1-,m

[f,. f,]=0if a, =0

it

The abelian subalgebra h = (@

iel

Ch,)® (&, ,Cd,) is called the Cartan subalgebra of g and the linear
functionals o, e h* (ie 1) defined by (2.1) are called the simple roots of g. For each ie 1™, let
r, e GL (h*) be the simple reflection of h * defined by

r(1)=4-4i(h)a, (4ehr)
The subgroup W of GL (h*) generated by the r,’s (i € 1) is called the Weyl group of the Borcherds super
algebra g .

The Borcherds superalgebra g = g(A, m, C) has the root space decomposition g = ® where

aeQ ga’
g, ={xeg|[h,x]=a(h)x for all heh}
Note that g, =Ce,,®---®Ce,

and g, =Cf,®--@&Cf,

We say that « € Q * isarootof g if g, = 0. Thesubspace g, is called the root space of g attached to «

.Aroot o iscalledreal if (o | @) > 0 and imaginary if (e |a) < 0.

In particular, a simple root «, isreal if a, = 2 thatisif i e 1™ and imaginary if a, < 0 thatisifie 1.
Note that the imaginary simple roots may have multiplicity > 1. Aroot « > 0 (a < 0) is called positive
(negative). One can show that all the roots are either positive or negative. We denote by A, A, and A _ the set

of all roots, positive roots and negative roots, respectively. Also we denote A - (A -) the set of all even (odd)

roots of g . Define the subspaces g* =@ __, g, .

Then we have the triangular decompositionof g: g=9g ®@h@® g".
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Definition 2.8:(Sthanumoorthy et al.(2009b)) We define an indefinite nonhyperbolic Borcherds - Cartan
matrix A, to be of extended-hyperbolic type, if every principal submatrix of A is of finite, affine, or hyperbolic
type Borcherds - Cartan matrix. We say that the Borcherds superalgebra associated with a Borcherds - Cartan
matrix A is of extended-hyperbolic type, if A is of extended-hyperbolic type.

Definition 2.9: A g-module V is called h -diagonalizable, if it admits a weight space decomposition
V@, V. where V. = {veV [h-v= u(h)vor all heh

Ifv = 0, then y iscalleda weightof V ,and dim Vv is called the multiplicity of 4 inV .
" "

Definition 2.10: A h -diagonalizable g -module V is called a highest weight module with highest weight
A e h”, ifthere is a nonzero vector v, e V such that

1. e, -v,=0 foralliel,k=1--,m,
2. h-v, = A2(h)v, forall h e h and

3.V =U(g)-v,.

The vector v, is called a highest weight vector.

For a highest weight module vV with highest weight 1 , we have
v =uU(@)v,,
(i)v=e, ,v, Vv, =Cv

, and

(ifi) dim v, <« forall u < 2,

Definition 2.11: Let P(v ) denote the set of all weights of V . When all the weights spaces are finite

dimensional, the character of vV is definedtobe chv = %" (dim Vv )e”,

*
ueh

’Ea%

where e” are the basis elements of the group C[h*] with the multiplication given by e“e” = e for
u,veh*. Let b, = h@® g, be the Borel subalgebra of g and C , be the 1-dimensional b, -module
defined by g, -1=0, h-1= A(h)L for all heh. The induced module M (1) =U (g)®u(b+) C, is
called the Verma module over g with highest weight A . Every highest weight g -module with highest weight
A is a homomorphic image of M (1) and the Verma module M (A) contains a unique maximal submodule
J (1) . Hence the quotient vV (1) = M (1)/J (4) is irreducible.
Let P " be the set of all linear functionals 1 e h * satisfying
(a(h)ez, foraliel"”
A(h)e2z_, foralliel™n1®™
|A(h,) =0 for all iel™

t

The elements of P are called the dominant integral weights.

. . e 1
Let p € h* be the C -linear functional satisfying p(h,) = —a, forall i e I . Let T denote the set of all
2

imaginary simple roots counted with multiplicities, and for F < T, we write F L A, if A(h,) = 0 for all

a, e F.

Definition 2.12:[Kang and Kim (1997)] Let J be a finite subset of 1 ~We denote by
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Ay=AN(Y, Za) A, =A A and AT(J) = AT \AG Let

g, =h@{@ %}(2-3)

aeAJ

and
g i.] ) - @ g L
aeat (3)
Then g f,“ is the restricted Kac-Moody super algebra (with an extended Cartan subalgebra) associated with the

odd odd

Cartan matrix A, = (a;), ., and the set of odd indices J =Jnl
={jedfc; =-1
Then the triangular decomposition of g isgivenby g = g’ @ 9, @ 9°”.
Letw, = (r; | j e J) bethesubgroup of W generated by the simple reflections r;, (j e J), and let
W E)={wew [A, c A" (J)}
where A, ={aeA” |w ' a < 0}
Therefore W | is the Weyl group of the restricted Kac-Moody super algebra g ;“ and W (J) is the set of right
coset representatives of W , in W . ThatisW =W W (J).

The following lemma given in Kang and Kim (1999), proved in Liu (1992), is very useful in actual computation
of the elements of W(J).

Lemma 2.13: Suppose w = w'r, and I(w) = I(w') +1. Then w e W (J) ifand only if w" e W (J) and
w'(a,)e AT ().

Let AT, =AT A, (i=01) and AT(J)=A VA, (i=01). Here A>(A%) denotes the set of all
positive or negative even (resp., positive or negative odd) roots of g .

The following proposition, proved in Kang and Kim (1997), gives the denominator identity for Borcherds
superalgebras.

Proposition 2.14: [Kang and Kim (1997)]. Let J be a finite subset of the set of all real indices 1 . Then

o  dim

[T @-e))™ '
aeA—

o) I(w)+|

e = X DT eV (wip - s(F) - p)

11 1+e“) wew ()
aeA- FcT

1(3)

where V  (u) denotes the irreducible highest weight module over the restricted Kac-Moody super algebra

g "’ with highest weight » and where F runs over all the finite subsets of T such that any two elements of
F are mutually perpendicular. Here 1(w) denotes the length of w, | F | the number of elements in F , and

s(F) the sum of the elementsin F .

Definition 2.15: A basis elements of the group algebra C[h “ by defining E“ = 0 (a,a)e”.
Also define the super dimension Dim g, of the root space g, by

Dim g, = 0(a,a)dim g e e (2.5)

(J)

.~ -module

Since w(p — s(F)) — p isan element of Q , all the weights of the irreducible highest weight g

V,(w(p —s(F)) - p) arealso elementsof Q _.
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Hence one can define the super dimension Dimv = of the weight space V., of V (w(p - s(F)) - p) ina

similar way. More generally, for an h -diagonalizable g;”’-module v = @ ,Vv  suchthat P(V) < Q ,we

ueh

define the super dimension Dimv ~ of the weight space vV , to be
DimV = 0 (u,pu)dim V (26)
Foreach k > 1, let
H = ® V(W(p = S(F)) = £)errrorins cvrriine s (2.7)

weW (J)
FcT
I(w)+|F|=k

) of g tobe

and define the homology space H
HY =3 )" =HeH [ @ H e (28
k=1
an alternating direct sum of the vector spaces.

For r € Q , define the super dimension DimH

) of the 7 -weight space of H ’” to be

DimH ) = 3" (-1 “"(DimH ),

k

k=1

=3 (-n"" 3 DimV | (w(p - s(F)) - p),

k=1 weW (J)

FcT
I(w)+|F|=k

= Y (-0'""FDIMV  (W(p = S(F)) = £) . s e, (2.9)

weW (J)

FcT
I(w)+|F[>1
Let

P(H")Y={eeQ (I)|dim H # 0} oo (2.10)

and let {r,,z,,z,,--}, be an enumeration of the set P (H "’). Let D (i) = DimH

Remark: The elements of P (H ) can be determined by applying the following proposition, proved in Kac
(1990).

Proposition 2.16: (Kang and Kim, 1997)

Let A e P_. Then P(A) =W {4 € P_ | A+4s nondegener ate with respect to A}.

Now for € Q (J), one can define

TV @) ={n=(M)_ In ez NT = T s s (2.11)

>0

which is the set of all partitions of ¢ into asum of &, ’s. For n e T (), use the notations | n |= 3 n, and

n!:Hni!.

Now, for 7 € Q ~(J), the Witt partition function W ©’ (¢) is defined as

wP)= Y —'HD(l) et e (2.12)
n!

)y

neT
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Now a closed form formula for the super dimension Dim g _ of the root space g _(a € A (J)) is given by
the following theorem. The proof is given in Kang and Kim(1997).

Theorem 2.17: Let J be a finite subset of 1. Then, for « € A (J) , we have

1 a
Dim g, = w0 L)
% Ld)
(In]-1! o

. [IDG) " (2.13)

n!

1
=Y —u@@) Y

dla neT(J)(%}

where 4 is the classical Mdbius function. Namely, for a natural number n, (n) is defined as follows:
(1 for n =1,
ﬂm=h4ﬂ for

{0 if it is not square free

=]
1

p,- p, (p,,---, p, :distinct primes ),

. . (04
da forsome o € Q ,inwhichcase o = —.

and, for a positive integer d, d | @ denotes «

In the following sections 3.1 and 3.2, we find root supermultiplicities of Borcherds superalgebras which are the
Extensions of Kac-Moody Algebras B, and B, (with multiplicity 1) and the corresponding combinatorial
identities using Kang and Kim(1997).

I11.  Root supermultiplicities of some Borcherds superalgebras which are the Extensions of Kac
Moody Algebras and the corresponding combinatorial identities

3.1 Superdimension formula and the corresponding combinatorial identity for the extended-hyperbolic
Borcherds superalgebra which is an extension of B,

Below, we find the dimension formulae and combinatorial identities for the Borcherds superalgebras which are
extension of B,. (forasameset J e 11" ) by solving T’ () in two different method.

Consider the extended-hyperbolic Borcherds superalgebra g = g(A, m,C) associated with the extended-
hyperbolic Borcherds-Cartan super matrix,

(—k - a —bw (—1 c, CZW

A=|-a 2 -1 andthe corresponding coloring matrix C=|c," 1 ¢, | withc,,c,,c, e C”
L— b -2 2 J ch’l c;l 1 J
Let I ={1,2,3} be the index set for the simple roots of g. Here «, is the imaginary odd simple root with

multiplicity 1 and «,, « , are the real even simple roots.

Let us consider the root = k,a, + k,a, + k,a, € Q. We have 6 (a,a) = (-1) kf. Hence « is aneven
root(resp. odd root) if k, is even integer(resp. odd integer). Also T = {«,} and the subset F < T is either
empty or {&,}. Take J c 1" as J = {3}. By Lemma 2.13, this implies that W (J) = {1, r,}. From the
equations(2.7) and (2.8), the homology space can be written as

H =V, (~a)®V, (~a,)

1
H =V, (~a,-(a+1a,)

2

H =0 vk=>3

Therefore  H ") = H f”@H 2“)
= VJ(—0{1)®VJ(—012)®VJ(—(11 - (a+l)a2)
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with DimH () =-1, DimH () = -1
. J) _ . f J)
DimH iy = -1, DimH Q1 ary = -1.
We take P(H ) ={100, (10, @111, @1 a+1}

let z =a = -pa, -qa, -ua, € Q , with (p,q,t)e Z_xZ _xZ

weget T (7)

This implies

We have

={(s,.s,,5,,5,) 15,100 +5,(010

S, +s;,+§, =p

S, +§,+s5, =4

s,+(a+)s, =u
s, = p-u+as,
s, =gq-u+as,
s,=u-(a+1s,
. u
s, = 0to min (p,q,[ D
a+1

+5,(LLY)

Applying s,,s,,s,,s, in Witt partition formula(eqn.(2.12)), we have,

W(J)(T): Z

u

min (p,q.[ 1)

axl (p-u+qg+as, -1 (-1

p-u+q+as

>0 "

Then by proposition.(2.16)

+s,(L1 a+1) =(p,q,u)}k

4

5,20 (p-g)!(g—-u+as,)(u-(a+1)s,)!s,!

From egn(2.13), the dimension of g, is

Dim g, = 3 iy(d)w ‘“[j—}

dla

(Inf-t

1 n.
DIEVICOND M ) CICRE

dla neT(‘])(iw nt
Ld)

Substituting the value of W’ () from egn. (3.1.1) in the above dimension formula, we have,

Pa p u q a /d—uld +q/d +as , /d
mm(d’d'[d(au)]) (——+—+—s, -1! (_1)p ! !
d d d d
u a u a+1 '
£ (B— g)!(g_ —+ s (- (a+1) s,)!(s,/d)!
d d d d d d

If we solve the same P (H ‘’’), using partition and substituting this partition in T’ (r) , we have

TPy ={p-a)é, -uu-(a+1)4,.4,}
where ¢, is the partition of “u’ with parts (1, a + 1) oflength ‘u’ and ¢, is the partition of s, with parts upto

u

min(p,q,[
a+1

W

1 . Applying T

J)

(p-u+g¢, —1r(-1""

+¢1

() in Witt partition formula(eqn.(2.12)), we have

MOEIEDY

¢l,¢2 eT

From eqgn.(2.13), the dimension of g is

@, (P=)H(4, —u)(u~-(a+1)¢,)!4,!
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i vy L nf &
Dim ga—z ﬂ(d)W()(d}

dla

1 (I n|-1) on
=> —u(d) > ——J[pM"
e SMTEA
Ld)

(J)

Substituting the value of W **’ (¢ ) from eqgn. (3.1.2) in the above dimension formula, we have

p/d—uld +g, /d

ELh iy
d

1
Dim g, = 3 —u(d)
dzlo:z d ZJ: a Z:(J) p q ¢1
net )(*WN’ZET ) (——= )N (—
v d d d
Which gives another form of dimension of g,

=t @), 1)) (g, 1d )
d d

Applying the value of s, in (3.1.1), we get

u

min (p.q.[

w @ (r) = Z
S (p-@)(@-u+as,)(u-(a+D)s,)ls,!

D p-u+q+as

arl (p-u+g+as, -1 (-1

4

—u+q

(p-u+q-11(-1)
(P - )!(q-u )l(u)

p-u+g+a
+ (p-u+ara-DICD + o upto min( p,q,[u/a +1])
(p-9g)(g—-u+a)l(u-(a+21)i1 !

(p-u+g -1 (-1 """

(p—a) (g, —u)(u—(a+1)g,)g,!

o 8,70 (0)
where ¢, is the partition of “u’ with parts (1, a) of length ‘u + as,’ and ¢, is the partition of s, with parts

u

upto min(p,q,[ 1.

a+1
Hence, we get the following theorem.
Theorem 3.1.1: For the extended-hyperbolic Borcherds superalgebra g = g(A,m,C) associated with the

(—k -a -b

extended-hyperbolic Borcherds-Cartan super matrix A =| - a 2 -1 | with charge m = {111},

o 2 o)

consider the root

a =-pa,-qa, -ua, € Q_. Thenthe dimensionof g _ is
min LR t p u q a p/d—u/d +q/d +as , /d
1 Galdan (;_;+;+ESA - (=) )
Dimg, =Y —u(d) ¥
o d = P q q u a u (a+1)
‘ (T N+ s (- ) (s,/d)!
d d d d d

Moreover the following combinatorial identity holds:
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min (p.q.[——1) buiqsas

axl (p-u+qg+as, -1 (-1

p-u+g,

) (p-u+¢ -D (-1

) = 3 @1

o (p-ar(g-u+as)(u-(a+Ds,)s,! Ty, (PN (g, WU - (@D 4,0

b dye

where ¢, is the partition of “u’ with parts (1, a) oflength ‘u + as, ’ and ¢, is the partition of s, with parts

4

u

uptomin(p,q,|[ 1) .

a+1

(k-1 b

Example 3.1.2: For the Borcherds-Cartan super matrix A=| -1 2 -1], consider a root

o 2 2]

a =7 = (543 witha=1.
Substituting « = r = (5,4,3), a =1 inegn(3.1.1), we have

min (p.q.[——1) bouiqas
W(J)() za*l (p-u+qg+as, -1 (-1) 4
z‘ =
5,=0 (p-a)(g-u+as,)(u-(a+1)s,)!s,!
min 56, 1) s3iass,
_ (5-3+4+s, -1)!(-1)

5, =0 G-M@E-3+s,)@B-2s,)!s,!
5(-1)° 71’
+

111131 11211111
Substituting o = « = (5,4,3), a =1 ineqn(3.1.3), we have

= 45 - 34567 = —2500.

W=y (p-u+g, -Dr(-n" """
¢11¢2€T(J)(T) (p-a) (g, —u)l(u-—-(a+1)g,)g,!
_ o (-1 . 7 (-1) - e
111131 11211111

Hence the equality (3.1.4) holds.

3.2.Dimension Formula and combinatorial identity for the Borcherds superalgebra which is an extension
of B,

Here we are finding the superdimension Formula and combinatorial identity for the Borcherds superalgebra
which is an extension of B, using the same J < 11" and solving T ) (z) in two different ways.

Consider the extended-hyperbolic Borcherds superalgebra g = g(A, m,C) associated with the extended-

(K —a -b o)

~—a 2 -1 0 |

hyperbolic Borcherds-Cartan super matrix A = i and the corresponding coloring
-b -1 2 -1

I

(—1 c, ¢, caw
-1
. |C1 1 C4 CS | X
matrix C= | with ¢,,c,,c,,c, e C".
ch c, 1 cSJ
-1 -1 -1
c, ¢, ¢, 1
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Let I = {1,2,3,4} be the index set with charge m = {1,1,1,1}.

2
Let us consider the root & = k,a, + k,a, + k,a, + k,a, € Q. Wehave 0(a,a) = (-1) " Hence a is
an even root(resp. odd root) if k, is even integer(resp. odd integer). Also T = {«,} and the subset F < T is

either empty or {o,}. Take J c 1" as J = {2,3}. By Lemma 2.13, this implies that W (J) = {1, r,}.
From the equations (2.7) and (2.8),the homological space can be written as

H =V, Wp-a)-p)®V, (r,(p)-p)
=V,(~a,)®V,(~a,)

H,(J)=V,(~a, - (c+Da,)

H =0 vk=>3

CO R C
ThereforeH =H/ "=V, (~a)®V,(~a, )WV, (~a,-(c+Da,)

with
: ) _ . - ) _ . : 3) _ .
DimH woon -1; DimH e - -1; DimH g -1;
. (1) _ . . 3) _
DimH iy = —-1; DimH (@11, 4 = -1

Hence we have
P(H ) ={1000 ,@100, (1,110, @111, @LLl, c+ 1}
Let « =7 =-pa,-qa, -ua,-va, e Q_, with (p,qu,v)e Z,
proposition.(2.16), we get

xZ,  xZ,,xZ,,. Then by

0 >0 >0

T(%) ={(s,,5,,5,,5,,5,) 15,(1000 +5,(L100) +s,(LLL0
+s,@01L) +s, (1L, c+1) =(p,q,u,Vv)}h
This implies S, +S,+S,+S,=p
32+S3+84+55:q
s, +8S,+5s,=uU

3 4

s, +(c+1)s, =v.

We have S, = pP-Qg+V+cs,
s,=q-u
S, =uU-Vv-cs,

S, =aq-pPp—5g

s, = 0to min (p,q,u,[ D.

c+1
Applying s,,s,,s,,s,,s, inWitt partition formula(eqn.2.12), we have

min (p.a.u.[——) Do)
W () = > -y (3.2.1)

550 (p-g+v+es )(g-u)(u-v-cs)(g-p-s;)s,!

From equation(2.13), the dimension g, is

1 a
Dim g, = 3 —u(d)W o2
d|ad kd)
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1 (n|-1) o
DI T I M S N CIONY

dla nET(J)(ﬁw ni
Ld)

Substituting the value of W ©*’ () from eqgn. (3.3.1) in the above dimension formula, we have,

. min (p/d,q/d,u/d '[d(:ﬁ) (;i—l)l (_1) q/d
Dim g, =Y —u(d)
d% s =0 z p q Vv 55 q u u Vv 55 q p 5 S5
5 (— =+ —+Cc)N(—= N (—= ——Cc )N (—- —— )1
(u-versg)=0 d d d d d d d d d d d
If we solve the same P (H ©’’) using partition and substituting the partition, we have
T(J)(T) ={p_q +¢1rq —U,q - p—¢2,U _¢11¢2}1
where ¢, is partition of v with parts upto (1, ¢ + 1) and of length v and ¢, is the partition of s, with parts
of s, oflength s,.
Applying T’ (r) in Witt partition formula (eqn.(2.12))
-1 (-1)"
wP) =y @-mey 00 (3 .22
s, (P=a+ g @-u)(a-p-¢,)u-¢)14,!
From equation(2.13), the dimension g, is
1
oim g, = ¥ = a(ayw O L]
dla d kd )
1 (In|-1) on.
=Y —u@@) Y ——[[p®"
dla nET(J)(ﬁw n!
td)
Substituting the value of W *’ () from eqgn. (3.2.2) in the above dimension formula, we have,
_ (a/d -1 (-1 ™"
Dim g, = —u(d) Y
4, S, (Pl = a/d gl (ald —uld)i(a/d - pld = ¢,)! (u/d —g) | 4, |
»
Now consider the equation
min (p,q,u,[%]) .
¥ o (g -1 (-1)
550 (p-g+v+es )H)(g-u)l(u-v-cs)l(g—-p—-s;)s,!
_ (-9 (-1
(p—q+Vv)I(qg-u)(u-v)(q- p)
N (a-D' (=D °
(p-g+v+c)(g-u)(u-v-c)(qg-p-n1
. (-1 (-1 °
(p-qg+v+2c)(g-u)(u-v-2c)(q-p- 22
. (-1 (-1 °
(p-g+v+3c)(g-u)(u-v-3c)(g-p-23)I3!
+ o upto s, = min (p,q,u,[ Y D.
c+1
Page 74
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(- (-1 °
(p_q+¢1)!(q_u)!(q_ p_¢2)!(u_¢1)|¢z |'

op9,s7 (o)
where ¢, is partition of v with parts upto (1, ¢ + 1) and of length v and ¢, is the partition of s, with parts

of s, oflength s,.

5
Hence we proved the following theorem.

Theorem 3.2.1: For the extended-hyperbolic Borcherds superalgebra g = g(A,m,C) associated with the

(— k -a -b - CW
: : |-a 2 -1 0 :
extended-hyperbolic Borcherds-Cartan super matrix = | let us consider
-b -1 2 -1
L— c 0 -2 2 J
a=71=-pa,-qa, -Ua, —Va, € Q_.Thenthedimensionof g _ is
. min (p/d,q/d,u/d,[d(:+1) 1) (;i _ l)! (—l) q/d
Dim g, =Y —u(d) >
dlftd 550 (£71+i+Csi)!(giui)!(uiiiiCsi)!(iiﬂisi)!i!
(u=vesg)=0 d d d d d d d d d d d d d
Moreover the following combinatorial identity holds:
min (p‘q'”'[cVTlD .
5 (9 -D! (-1 _
5, =0 (p-g+v+es H)(g-u)l(u-v-cs ) (qg—-p—s;)!s,!

(a-D'(-1)°
<J>(T)(P—q+¢1)!(q—u)!(q— p-¢,)(u-¢)l¢,

.......... (3.2.3)

¢1,¢25T

where ¢, is partition of v with parts upto (1, c) and of length v and ¢, is the partition of s, with parts of

5

s, oflength s, .

5

-1 2 -1 0
Example 3.2.2: For the Borcherds-Cartan super matrix A = :
-b -1 2 -1

oo 2 2]

consider theroot « = ¢ =(7,6,4,3) = (p,q,u,v) with c=1. Applying in equation (3.2.1), we have

(k-1 b _01
I

v
min (p,q,u,[——1)
c+1

5 (a-1!'(-D°
5, =0 (p-—g+v+oes H)(g—-u)l(u-v—-cs)H)(g—-p—-s;)s,!
i 6 -1 (-1°

Ssz::o(?—6+3+ss)!(6—4)!(4—3—35)!(6—7—55)!35!

51 (1) 51 (1)
+
4121110! 512101011!
5 1
= —+ — =3
2 2
Consider the root 7 = a as (7,6,4,3)  with c=1. Applying in equation (3.2.2), we have
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¥ (a-1'(-D°
s, (P @+ @)@ —u)i(a—p—¢)l(u=-4)1¢, |
6 -1 (-1° 6 -1 (-1)°
= +
(7-6+3)1(6-4)(4-3)!6-70 (7-6+3+1)!(6-4)!(4-3-1)!(6- 7)1
5 1
=—+—=3
2 2

Hence the equality (3.2.3) holds.

Remark: In the above two sections 3.1 and 3.2., the identities (3.1.4) and (3.2.3) hold for any root, because we
have derived the identities by simply solving the T ©’ () in two different ways.

Remark: It is hoped that, in general, superdimensions of roots and the corresponding combinatorial identities
for Borcherds Superalgebras which are extensions of all finite dimensional Kac-Moody algebras and
superdimensions for all other categories can also be found out.
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