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ABSTRACT

In this paper we construct a Cantor like set S from any sequence { €, } with 0< €, <1 with the help of
sequence {S, } of subsets of [0,1] such thatS, > S,,;,m(S,) =[I}-1(1— ¢) and S = NS, with m(S) =
[I=1(1 — €,) .Further ¥ €, = « if and only if m(S) = 0. Cantor ternary set comes out to be a particular case of
construction of Cantor like sets by choosing €, = % for all n. Similarly we can construct Cantor - % set by

choosing en=§for all n. In the construction of Cantor - % set the length of remaining closed intervals at each
stage are equal to (g)" ,k=1273,........... Also we can construct Cantor - ; set by choosing €,,= %for all n.
Here in the construction of Cantor % set the length of remaining closed intervals at each stage are equal to
G k=123
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Lemma 1:- Given any sequence { €, } with 0< €, <1, €, = = if and only if lim,,_,,, [I}.;(1 —¢€;)=0
Proof :- Firststep: Let Y72, €= <

Then we have to show that lim,,_,e, [I7=;(1 —€;)=0 i.e.J[;2;(1 —€)=0
Hereweuse 1-e<e™ € . 0<e<1
l-¢;<e” € Vi=123,. ..
l-g, Se" €

l-g,<e” 2

l-e,<e™“n

Multiplying all these inequalities we get,
(1- €1) (1- €3)vrvmncrnennn(1-€,) S @7 €L @7 200 v v n e cn

[[Li(1—¢) S erlaretra) e, (1)
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To show that lim,,_,o, [17-1(1 — €; )=0, let € > 0 be given. Put M = log(% ).

Since ) €;== then there is N such that forn>N => }"_ ;¢ >M

1
7€ > log(2)
ez;l=1 Ej > l
€

1

T e
oZj=1€j

€>

€ e Zj=16
e Z= <e e, 2)
From equation (1) and (2) we get
[T}=1(1 —¢;) <eforalln>N.
Thus  lim,_, [[j-1(1 — € )=0
[I72:(1 —¢)=0
Conversely:-Let 372, € <=ie. 3 <~ isconvergent.
We show that lim,,_,, [[7=;(1 —€; ) #0.
Let P,= 7:1(1 - Gj)

Since €;20,6;#1V jand ) €< .

we choose N so large that ey + eyyq+ + 02000 < % --------------------- (3)
Then using induction we prove that for alln >N, (1-ey)(1-€xy 1)+ (1-€,) 2 [1- (ey + €x4 1t
REEE S +En)]

For n =N, the inequality is obvious. For n> N
If(1-en)(T-enga)r v (1-€n) 2[1-(en * €y gt 02 +ey)] then

(T-en)(T-enga) v (1-€n) (1-€nga) 2[1-(en + €ng 1t 22 +€0)] (1 - €n4a)
=[1-(en * €ngp 1t o0t tepp)l T Enpalen tEnp 1t 0t €y)
2[1-(ey * €ng 1ttt tenyq)]
Thus (1-ey)(1-€yy 1)t (1-€n) (1-€ny1) 2 [1-(ey t €y 1t gl
~ By induction the inequality holds for n> N
6. (1-ey)(1-€ysq)t e e (1-€,) 2 [1- (g * €yy 1+ *+++ +&,)] foralln> N .o (@)
Now by using equation (3) we get,
(1-en)(t-ene)t e (1-e) 2 [1-3]= 5
(-en)-ene) s r(he) >> 02N (5)

P
Now for n > N, - =

(=) - ) (1= ey_)(1 = ex)(1 = €ysr) = e edt—ey )
-6 — €)1 —€nyq

=(1—-epn)(1 —€epyy1) A —¢€,) > % N> N ( From equation (5))
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oSN, (6)
Pn-1 2
cinfan (=222 £0 e, (7)
Py—1 2
Consider
P, P,
P—n - % =1 —en)( —€eygq) (1-€)-(1—en)(L—€nyq) = (1 —€ns1)
N-1 N-1
P, P,
- = (1= ey)(1 — ewgn) (=€) [1- (1) ]
Pn _Pn+1_1_ 1 —€pys) weer 1— >0
7 e ( en)( En+1) ( €n) €Eny1 2
N-1 N-1
S S S BN
PN-1 PN-1
2 {PP” } is monotonic decreasing and bounded below by % .
P, 1
- gy T limy T 22
limP, 2= Pyy
n—-oo 2
«~ lim P, =a Py, where a= 1/2
n-—-oo
o limp e [1721(1 — € ) =a { Py}, where o> 1/2
=> [172:(1 — €; ) is a positive number
lim,, l'[;;l(l —€)#0
ER R I A I B I S I A A I I A Ak A I I I
Lemma 2 :-
IfO0<e<l,n>1,s, =€t €+ vt e and t, =(1- €1) (1- €3)cvecenennnee (1- €,) then (1-sp)
ty, S —
(1+sp)
Proof :- Given
0<€,<1,n=21,s,=€,t€e,tr v+ vte, and
th=(1- €1)(1- €3)eeenrinnne. (1- €,)

ta21-(e1textrrvrivte,) ( From equation (4) of Lemma 1)

t,21-s,
s =Sn Sty s
Now,

(1-€)(1+e€)=1-€f <1

(1-€))(1+¢) <1

(1- &)< RETS)
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Similarly, (1- €;) < e

1

(1' En)< (1+€n)

Multiplying all these equations we get,

1
- - -€,) <
(1- €1) (1- €3)ermrereerennne. (1 E")'(1+el)(1+e2) ________ Gren e (2)

Now
(1 + 61)(1 =+ 62) ..... (1 + En) = 1+(61+62+~ . '+6n)+(6162+6163+' N .)+(61€2€3+' N ) Foaaan
A+e)A+ey) a1+ En) > 1+ €16, te,

=> 1 < L

1+ €1)(1+ ) 1+€y) 1+e+eyten
1 2 n

Putting in equation (2) we get,

(1- €1) (1- €3)nrrevrenenne. (1-€,) =

tn 1+ €1+ €t €p
1
t, < @ e——— (3)

From equation (1) and (3) we get,

1
-5, )<t <
(-sn) <t < (1+Sn)

R S I R I A S R O

Corollary 3 :-

1
(1+a) *

If in addition lims, =@ and limt,, =S then(1-a)< S <

Proof :-By lemma 2 we get,

1
-5, )<t <
(1-5n) < tn < (1+Sn)

Given lims, =aandlimt, =

1

- <
(1-a)<p = (1+a)

LR R B Rk B R A

Preposition 4 :-

Given any sequence { €, } with 0< €, <1,there is a sequence {S,, } of subsets of [0,1] such that
Sp 2 Spp1m(Sy) = [T7=1(1 — ) and S=N S, is Cantor like set with

m(S) = [In=1(1 = €).
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Proof :-
Let I =[0,1]
First stage :
We remove middle open intervals I, ; of length e, from [0,1]

(1-€) @A+ 61))

e intervals I, ; = (~——,"—;

The remaining two closed intervals are denoted by /; ; =0, % land J,= [@,1 ]-We get the set S, =
]1’1 U ]1'2 Wlth measure (1 - El) i.e.m(Sl) = (1 - 61)

Second stage :

Now we remove two middle open intervals I 5, I, , of length (1 — €;)e, from the remaining two

closed intervals J; ; and J, , i.e. we remove I, , = (&= 61)4(1_ ) - Ell(” <2) ) and
I,= (% (=)@t ep) 4= (=)A= ) ) The remaining four closed intervals are denoted by

4 4

_ (1-€1)(1-€3) _r(1-€e1)(A+€e) (1—€1)
]2,1_[07 14 2]!]2,2_[ 14 21 21 ]7

_1(1+e€) 4-(1-€1)(A+€y) _r14-(1-€e1)(1-€p)
]23_[ 21 y i 2]7]2,4_[%11]'

=~ Length of removed intervals = m(Iy ;) + m(l,,) = (1 — €1)e; < (1 — €)

We get the set S, as union of remaining four closed intervals i.e. S, =J,1 U J,2 U J,3 U J, 4 With measure
A-—eDA—e)iem(S)= (11— )1 - €)

. 51 085,
Third stage :

Now we remove four middle open intervals I 3,1, 3,15 3,1, 30f length (1 — €;)(1 — €,)e; fromthe
remaining four closed intervals J, 1, /, 5. /o3 and J, 4 i.e. we remove

Lis=( (1-€e1)(A-€e2)(A-€3) (1-€1)(A-€2)(1+€3) )
1,3 8 ] s y
s = (1-€)[4-(1-€e2)(A+€3)] (A1-€e)[4-(A-€x)(A- 53)])
2,3 8 y s ’
_,2(1+€1)+ 4—-(1—-€1)(1+ €3+ €3—€2€3) 2(1+€1) + 4 — (1— €1)(1+ €2 — €3+€2€3)
I35 =( 5 s 5 )
Ios=( 8—(1-€1)(1-€2)(1+€3) 8- (1-€1)(1-€2)(1-€3) )
43 8 ' 8

= [ 0’ (1-€1)(A-€2)(1-€3) ]

The remaining four closed intervals are denoted by J; 4 5

_r (- e)(A-€2)(A+€3) (I-€e)(A-€2) _1A-€e)(1+€) (1-€1)[4- (1-€2)(1+ €3)]
_[ ]1]3,3 - [ ]!

8 ! 4 4 ! 8

]3,2

_(d-€1)[4-(A-€)(1-€3)] (1-€1) _r(+e1) 2(1+€1) + 4 - (1—€1)(1+ €2 + €3—€2€3)
]3,4—_l 8 ) 2 ]1]3,5_[ 5 8 ]i

_r2(+e)+ 4—(1-€1)(1+ €2 — €3+€263) 4— (1- €1)(1+ €2),
]3,6 - [ 8 ’ 4 b

JE [ 4-(1-e)(- Ez), 8- (1-€1)(1-€2)(1+€3) ], Jag* [ 8- (1-€e1)(1-€2)(A- 53)’ 1]

4 8 8
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Now,
Length of removed interval = m(I; 3)+m(I, 3)+m(I3 3)*m(l, 3)
=(1- €)1 - e)ez<(1— €)(1 - €).

Wegettheset S3=J31 U J3,UJ33UJ3,U J35U J36UJ37UJ3g with measure
AI-—e)(A— )1 — e3)iem(S3)= (1— e)(1— €)(1— €3).

Continuing in this way we can construct S,,,n> 4 of measure (1 — ¢)(1 — €,)(1 —
63)...... (1_ en)_

MS) =1 = )= (A= ) (1= &) =[[ms(1 - )
ThenS; DS, D Sy D Sy D weeveseeeseses .
IfS=Ny2; S, then m(S) =lim,,_,,, m(S,,)
=[In=1(1 — €)
N T

Conclusion :- Using this Cantor like set we can construct different Cantor like sets by varying or fixing €,,.

REFERENCES:-
[1]  G.de. Barra, “Measure Theory And Integration”, New Age International (p) Limited, 2003.
[2]  Kenneth Falconer, “Fractal Geometry: Mathematical Foundations and Applications”, John Willey and Sons.1990.
[3] Kannan V. “Cantor set: From Classical To Modern”. The Mathematical Student, Vol 63,No.1-4(1994)P.243-257.
[4] E.C. Titchmarsh ,“The Theory Of Functions”, Oxford University Press, Oxford Second Edition -1987.

www.theijes.com The JES Page 54



