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On uniformly continuous uniform space
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ABSTRACT
In this paper the sufficient conditions, for a uniform space to be a uniformly continuous space are determined.
In particular it is proved that if there is a set K which is compact whose complement is uniformly isolated then
the uniform space is uniformly continuous space. This also shows that if the set of all limit points of X is
compact whose complement is uniformly isolated then the uniform space is uniformly continuous. It is also
proved that the converse of the later statement is false by giving a counter example.
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Definition 1: Uniformly isolated set in metric space: In metric space X, a subset A of X is Uniformly isolated if
thereis € > O such that d(x,y) =€Vx #y € A.

Definition 2: Uniformly isolated set in Uniform space: Let (X,U) be a uniform space. A subset A of X is
Uniformly isolated if (A X A)° U A€ U.

We first show that the definition of uniformly isolated set coincides for a metric space which is also a uniform
space.

Theorem1l.: If (X,d) is a metric space and ‘U is a corresponding uniformity define by the metric dthen A c X is
uniformly isolated in metric space (X,d) if and only if A is uniformly isolated set in uniform space (X,U).

Proof: Let A c X be any uniformly isolated set in metric space (X,d). Then 3 €> 0 such thatVx #y €
A,d(x,y) = €. ie. Forany (x,y)e AXA—Ad(x,y)=€ie AXA—AC{(x,y)/ d(x,y) =€}.=
{(x,y)/ dlx,y) =€} € AXA-A)Y =((AXA)NA) = (AxA)F U A.ie. {(x,y)/ d(x,y) =€} c
(AxA4) v Aie{(xy):dxy)<e}=V;. € (AxA)F U A.ButV;, € UHence (AxA) U A€ U. Thus if
A is uniformly isolated set in a metric space then (4 x A)° U A € U ie. A is uniformly isolated set in uniform
space (X,U).

Conversely: Let A be any uniformly isolated set in uniform space (X,U). Then(A X A)* U A€ U. -

(Ax A) U A isthe union of members of the family {V; ,.:r > 0}. ie.[(A X A)° U A]° > V,, for some
r>0.iec. AXA—Ac V;,“=Vx#y €Ad(xy) = r. Thusif Aisuniformly isolated set then 3 € >

O suchthat d(x,y) 2€EVx #y €A.

Theorem2: Let X be any Uniform space. If K is compact such that X-K is uniformly isolated then X is
uniformly continuous space.

Proof: let f:X— R be any continuous function. To show that f is uniformly continuous, Let € > 0 be given. As
X-Kis uniformly isolated [(X —K) X (X —K)]°U AeUie.V € UwhereV=[(X-K)X (X —K)]°U A.
Since fis continuous on X, forevery x € X3 U, € Usuchthaty € U, [x] = |f(x) — f(¥)| < S

Since, ”the family of all open symmetric members of U is a base for U". 3 open symmetric member V, of U
suchthatV, c U, andV, oV, c U, .~ V,[x]isopenin X V x" € X. Thus, V,[x] is open in X. ie for each x€ X
we get V. [x], open subset of X such that V, o V, < U,. Since, x € V,[x] Vx € X, K € U,ex Vi[x]. Thus the
family {V; [x]: x € K} is an open cover for K and K is compact. «» 3 x;, xp ... ... x, in Ksuch that K<

=1 Ve, [x] - PutW=nNi_; V,, € U Also Wy = W NV € U. Now we show that (x,y) € W; = |f(x) —
FO)| <€.Let(xy) € W, = (x,y) € Wand (x,y) EV=[(X — K) x (X — K)]°U A. Now (x,y) € [(X — K) X
X-Kf=xxyeX-KxX-K)=>x¢X—-Kory¢X—-K=x€eKoryeKk. IfxeKc
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=1 V%, [xi] , then x € ij [x] forsomej, 1< j<n= (x,x) € ij for abovej ............. (2). Also, (x,y) €
W=nN,V,=>KyEV Vi=12..n-(xy) € Vx]_ forabove j ............... (3). From (2) and (3) we
get, (%, YIE V,, Wy, © Uy, = (x;, )€ U, forabovej, 1<j <n= |f(x%) — f()| <e/2 forabovej (by

J

(1) oo ().
From (2) (x,%) € V;, forabovejie (x,x) €V, < i °V, c U, = (x,x) € Uy, = lf) —f(x)| <e/2
forabovej .............. %).

~ From (@) and (5) |f(x) = fFO)I = |f () = f(x) + F(%) = fO)| < |[F ) = F ()| +|f () = F O]
< S+=>=c Similarly ify € K then |f(x) = f()| < €. If (xy)€ Athenx =y = |f(x) — f(y)| <€ ie. For

€>03W; €Usuchthat v (x,y) € W; = |f(x) — f(y)| <€ = fisuniformly continuous on X. = X is
uniformly continuous space.

Theorem3: Let X be a uniform space and A= set of all limit points of X. Suppose A is compact and X-A is
uniformly isolated then X is uniformly continuous space.

Proof: Since A is compact, applying theorem (2) we get the result.

Remark: Converse of this theorem is false. We prove it by giving a counter example.

Ex. Let X:[-I,O]U{........,%,%,%, 1} U {2,34....... }+. Then i]X is uniformly continuous space.
ii] A=[-1,0] is compact. iii]X-A is not uniformly isolated.

Sol: i] Take K=[-1,0]U{........;,
andforallx,ye X —K,x #y,
continuous space.

W=

% 1}. Then K is closed and bounded and hence compact. Using compact
x,y) =1 ~X-Kisuniformly isolated and by theorem1, X is uniformly

~

ii] Since set of all limit points of X=A=[-1,0], A is compact.

iii] Now X-A= {%%% 1} U {2,34....... }+. In X-A we get a sequence {in}such that % -0 asn - o
there does not exist § > 0 such that x = y = d(x,y) > § . = X-A'is not uniformly isolated.
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