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ABSTRACT
We have introduced a new type of operator called “Trijection Operator” on a linear space. It is a generalization
of projection. We study trijection in case of a Hilbert space. Further we decompose range of a trijection into two
disjoint sub-spaces called p-range and A- range and study their properties.
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I. INTRODUCTION
Trijection Operator: We define an operator E to be a trijection if E* = E. Clearly if E is a projection, then it
is also a trijection for
E’=E = E’=E’E=EE=E’=E.

Thus it follows that a projection is necessarily a trijection. But a trijection is not necessarily a projection. This
would be clear from the complex of trijections given below.
Example of Trijections:
Consider R% Let z be an element in R%. Thus z = (x , y) where x ,y £R.
Let E(z) = (ax + by, cx + dy), where a, b, c, d are scalars.
By calculation we find that —

E%(2) = (aX + byy, CiX + dyy)
Where,

a; = a® + 2abc + bed

b, = a’b + abd + b’ + bd®

¢, = a’c +acd + bc? + cd?
and  dy=abc + 2bcd + d.
Hence if E is a trijection, E* = E, then we have

a=a’+ 2abc + bcd

b =a’b +abd + b’c + bd?

c =a’c +acd + bc? + cd?
and  d=abc+2bcd + d*.
Case(i) :- For some particular cases, leta=d = 0, then b = b, ¢ = bc?.

Thus we can choose b = ¢ =1 and get

E@@)=(y.x)
Exy)=@y.x . @)
So, E*(x , y) = E(E(x , y)) = E(x, y) = (X, y) [from(1)]
Therefore E*(x , y) = (X, y) = (Y, X) = E(x, y)

HenceE? = E
Thus E is not a projection.
But E*(x, y) = E(E*(x, y)) =E(x, y)
Therefore E’=E
Hence E is a trijection.
Case(ii):- If a = ¢ =0, then b = bd? d=d*.

Thus we can choose d = 1 and get E(z) = (by , y).
Therefore E(x , y) = (by, y)
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Hence E%(x , y) = E(E(x, y)) = E(by , y) = E(x, y).
Thus E*=E.
Hence E is a projection, and so it is also a trijection.
Case(iii):- Ifa=b=0thenc=cd? d = d.
Thus choosing d = 1, we have E(z) = (0, cx +Y)
E(x,y) = (0.cx +y).
Therefore E?(x ,y) = E(E(X, y)) = E (0, cx +y)
= (0,cx+y) =E(x,y).
Thus E> = E.
Hence E is a projection and so it is a trijection.
Case(iv):- Ifb=c=0thena=a% d = d®. Nowa = a® givesa= 0,1 or -1. Similarly we get values
of d. We consider these values in a systematic way.
d=0 = E=0,itisthe zero mapping. Hence it is a projection and trijection also.
0,d=1 = E(2)=(0,vy). Itisalso a projection.
0,d=-1= E(2) = (0, -y). Itis also a projection.
1,d=0 = E(2) =(x, 0). Itisalso a projection.
1,d=1 = E=(l), the identity mapping which is also a projection and a trijection.
1,d=-1= E(2) = (x ,-y), which is not a projection.
a=-1,d=0= E(2) =(-x, 0), which is not a projection.
a=-1,d=1= E(z2) = (-x, ), which is not a projection.
a=-1,d=-1= E(2) = (-x, -y), which is not a projection.
In this way, a projection is necessarily a trijection but a trijection is not a projection.
Trijection in a Hilbert Space:- We first define a normed linear space:
A normed linear space is a linear space N in which to each vector x there corresponds a real number, denoted by
|| X || and called the norm of x, in such a manner that
L x||=0and || x || =0 < x=0.
2| x+y =l x|+ ]yl forxyeN.
3. || o X ||= || o || " X ", for scalar.
N is also a metric space with respect to the metric d defined by d(x,y) = || x -y ||. A Banach space is a complete
normed linear space.’
A trijection on a Banach space b is defined as an operator E on B such that E* = E and E is continuous.
p-Range and A-Range of a Trijection: If E is a trijection on linear space H, then we know that H=R @
N where R is the range of E and N is the null space of E. We can decompose R into two subspaces L and M
suchthatL={z:E(z)=z}and M ={z:E(z) =-z}and L N M = {0}.

Now as L , M are parts of the range R, let us call L as A-Range and M as u-Range of E. Thus the range
R of E is the direct sum of its A and u-Ranges. In case E is a projection, we clearly see that its range coincides
with its A-Range while p-Range is {0}.

a
a
a
a
a
a

Il. THEOREMS
Theorem 1: If E is a trijection on a Banach space B and if R and N are its range and null space, then R and N
are closed linear subspaces of B such that

B=R @ N.

Proof: Since the null space of any continuous linear transformation is closed, so N being null space of E is
closed.
Since E?- | is also continuous and
R={z:E’z=17}
={z:(E*-1)z=0}
So R is also closed. Clearly,
B=R @ N.
A Hilbert space is a complex Banach space whose norm arises from an inner product, that is, in which there is
defined a complex function (x , y) of vectors x and y with the following properties:-
Lax+By,z)=ax,2z) +p(y,2)
2(X,¥y)=0.%
3., )= x|~
Where x , y , z are elements of Banach space and o is a scalar.”
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To each operator T on a Hilbert space H there corresponds a unique mapping T* of H into itself (called
the adjoint of T*) which satisfies the relation
(Txy)=(x T*y)
For all x, y in H. Following are the properties of adjoint operations:-
LT +T) =T, +T,
2.(aT) = a T*
3Ty T) =T, +T/
4. T**=T
5. T = |IT]
6. T = [T’
Theorem2: If E is a trijection on a Hilbert space H then so is E*.
Proof: Since E is a trijection on a Hilbert space H, so E* = E and E* = E.
If T,U, V are linear operators on H, then
(TUWV)*=(T(UV)*=(UV)*T*=V*U*T*
Hence letting T = U = V=E, we have
(E%* = E*E*E* = (E*)®
Therefore E* = (E*)°.
Now (E*)* = E** = E = E*, so E* satisfies the conditions for trijection on a Hilbert
space. Hence E* is a trijection.
Theorem3: If A is an operator on a Hilbert space H, then
(AY*=(A®< (1)
For K being 0 or any positive integer. Moreover, if A is self-adjoint then so is A*.
Proof: The equation (1) is obviously true when k = 0 or 1. Now we prove the equation (1) by the
method of induction.
Let us assume that the equation (1) is true for K — 1. Therefore,
(Ak—l)* — (A*)k—l
Therefore, (A9Y* = (A1 A)*
= A% (A% 1)*
= (A% (A%
= (A%
Hence the proof is complete by induction.
Theoremd4: If E is a trijection on a Hilbert space H, then | - E? is also trijection on H such that
RI—EZ = NE and NI—EZ = RE-
Proof: Since (I - E)? = (1 - E?) (I - E?)
=|I-E’-E°+E*
=I-E’-E’+E%E
=1 -E’—E’>+E?
=1-E%,
Therefore (1 — E?)* = (1 - E?)? (I - E?)
=(1-E?) (1-E?)
(1-E%)°
|-E?
I* - (EZ)*
=1 - (E*)?

Also (1-E*)"

Hence | — E? is a projection as well as a trijection on H.
Moreover,

Ri.&2={z:(1-E)?z=2}
={z:(1-E)z=2}
={z:z -E’z=17}
={z:E*z=0}
= Ng, and

Ni.e2={z:(1-E)z=0}
={z:z -E?z=0}
= {z:E*z=27}
:RE-
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Theoremb: Any trijection on a Hilbert space H can be expressed as the sum of two self-adjoint operators on H
such that one of them is a projection and the square of the other is the identity operator.
Proof: Let E be a trijection on H. Then we can write
E=(1-E*)+E2+E—1I
By theorem ( 4), | - E%is a projection on H, and | - E?is a self-adjoint.
Also (E*+E - 1)*=E*+E -1, s0 E? + E — | is self-adjoint. Moreover we have
(E2+E-1?=(E*+E-1)(E*+E-1)
=E'+E* - E°+E*+E*-E-E°-E+|
=E°+E-E°+E+E°~E-E°-E+I
= 1, Identity operator.
This proves the theorem.
Two vectors x and y in a Hilbert space H are said to be orthogonal (written x L ) if (x,y) = 0. A vector X is
said to be orthogonal to a non-empty set S (written x L S) is x L y for every y in S, and the orthogonal
complement of S, denoted by S— , is the set of all vector orthogonal to S.*

An operator N and H is said to be normal if it commutes with its adjoint, that is, if
NN* = N*N.°
Theorem6: If E is a trijection on a Hilbert space H, then
x € Re < Ex=x < ||EX| = |||
Also ||E|<1.

Proof: From theorem(5), the first equivalence is clear.
Also Ex=x = || Ex || = ||x]|.
So we now need to show that
I Ex || = [Ix]| = Ex=x.
Now [|x[|2= [| E + (1 - Ex |2
=|ly+z||?, say where y = E> and z = (I -E®)x. Also,
ly+z|?=(y+zy+2)
=(y.yt)+(zy+2)
=(y.N+ty.0)+(@z.y)*(,2)
=yl llzll* + v, 2+ @ .
Since y = E’x = E(EX) € Reand
z=(1-E)x eNg= (Rg)— , hence (y,z) = (z,y) = 0.
Therefore ||y+z ||2= y||2+ ||z|| ......... (1)
Now [ E [| = [[x]| = E* [|” = [|x||?
= [ a-E»x||*=0  [from (1)]
= || a-Ex[=0
= (I-E9% =0
= x=FEX
Also from(1), for any x in H, we have
e 17 < fIx[* = [ E% [|* < [Ix]

= || =<1
Since E is alsoznormal opegator,
B2 =] e
Therefore| E | <1

Hence | E || < 1.
Theorem?7: If E is a trijection on a Hilbert space H then E? is projection on H with the same range and null
space as that of E.
Proof: Since (E%)? = E* = E®E = E.E = E? and by theorem(3), E? is self-adjoint, E? is projection on H.
Also Rg={z:E%z=7}=Re’

Ne?={z:E%2=0}={z:Ez=0} = N:.2
“Let T be an operator on E. A closed linear subspace M of H is said to be invariant under T if TM) < M. If
both M and M 1 are invariant under T, we say that M reduces T or that T is reduced by M.”°
According to reference (9) the theorem(8) as follows:
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Theorem8: If P and Q are the trijection on closed linear subspaces M and N of H, then PQ is a trijection PQ
= QP. Also in this case PQ is the trijection on M N N and Npg = Np + Ng.

Proof: Let PQ = QP, then
(PQ)? = (PQ) (QP) = P(QP)Q = P(PQ)Q = (P.P)(Q.Q) = P’Q?
So (PQ)°=(PQ)* (PQ) = P*Q*PQ = P’Q(QP)Q = P’Q(PQ)Q
=P*(QP)Q* = P*(PQ) Q*= (PP) (Q°Q) = P'Q".
=PQ [ Since P and Q are trijection]
Also (PQ)* = Q*P*=QP = PQ
Hence PQ is trijection.
Conversely let PQ be a trijection, then
(PQ)*=PQ = qQ*p* = pQ.
= QP =PQ.

Now again is PQ is a trijection, then
Req = {x: (PQ)™=x} = {x: (P’Q*)x=x}
Letx e MNN,thenx € Mandx € N

= P =xand Q* = x.
Hence (PQ)? x = (P?Q%)x = P?(Q%)x = P?x = x

—= X € RpQ.
Therefore MNN S Rpg. L (1)
Again letx € Rpg, then (P?QY)x = x.
Therefore x = P2(Q%)x = P(P Q?X) € M.
Since (QP)? = Q%P?, (PQ)? = P?Q? and QP =PQ, we have

QZPZ - PZQZ )

Hence x = P°Q°x = Q°P* x = Q(QP°x) €N.
Nowx € Mandx € N,sox € MNN.
Therefore Rpg & MAN 2)
From (1) and (2), we get

Reo=M NN =Rp N R,
Also Npo = {z: (PQ)°’2=0}={z: (P°Q*)z =0}
Letz € Npo, then P*(Q*z) =0.
Therefore Q°z € Np* = Np as P is a trijection.
Since Q(z2-Q%2)=Qz-Q%=Qz-Qz=0,502-Q°z € No.
Therefore z= Q*z + (z - Q*z) € Np + No.
Thusz € Npg = z € Np + Ng.
Hence N, S N + No ceeen(3)
Letz € Np + Ng, then we can write
z=17;+z,wherez; € Npand z; € Ng.
= Pz;=0and Qz, = 0.
Now (PQ)z = (PQ) (z1 + z) = PQz; + PQz; = Qpz; + PQz;

= Q(Pz1) + P(Qz2) = Q (0) + P(0) = 0.

Therefore z € Npg.
Thusz € Np+Ng = z € Npg.

Hence Np+Ng SNpo @)
From (3) and (4), we get
NpQ = Np + NQ .

Theorem9: If P and Q are trijection on a Hilbert space H and PQ = 0, then P + Q is also trijection such that the
null space pf P + Q is the intersection of the null spaces of P and Q, and the range of P + Q is the direct sum of
the ranges of P and Q.

Proof: We have
P+Q)?=(P+Q)(P+Q)=P*+PQ+PQ +Q?
Now PQ =0 =(PQ)*=0* = Q*P*=0 = QP =0
Therefore PQ = QP = 0.

Hence (P + Q)? = P? + Q2.
Now (P +Q)° =(P+Q) (P+Q)°
=(P+Q) (P*+Q?)
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=P3+PQ2+QP2+Q3
=P*+ (PQ)Q +(QPP+Q’
=P+Q.
And (P + Q)* = P* + Q*
=P+Q.
Hence P + Q is a trijection.
Now we are to prove that,
Np+Q = Np N NQ

And Rp.;.Q:NpGB NQ
We have
Np.q ={z:(P+Q)z=0}

={z:Pz+Qz=0}

={z:Pz=-Qz},
Let z € Np.g, Since PQ =0,

0=(PQ)z=P(Q2)

=P(-P2)

= -P%.
Therefore P’z = 0. Hnece z € Np
Again since QP = 0, therefore,

0=(QP)z = Q(P2)

=Q(-Qz)
=- Q%

Thus Q°z = 0. Hence z € No.
Thereforez € NeNNo (1)
Letz € NpNNg,thenz € Npand z € Ng

= Pz=0=Qz

= Pz=0=-Qz

= (P+Q)z=0

=z € Npso.
Thusz € Np N Ng = Z € Npyo.
Therefore Ne N Ng & Npuo. (ii)
Hence from (i) and (ii), we get
Np+Q =Np N NQ.
Let z be an element in Rp.q, then

(P+Q)z=z

= (P*+QYz=z
Now as P and Q are trijections on H, so

P’z =P(Pz) € Rpand

Q’z=Q(Q2) €R,,
Hence P’z + Q% € R+ Ro,
=7 C Rp+ RQ.
Hence Rpg E Rp+Ro. (iii)
Conversely, letz € Ry + Rg then we can write
z=1z71+2psuchthatz; € Rpand z, € Rog.
Hence P?z, = z; and Q%z, = z,.
Therefore (P + Q)’z = (P* + Q%)(z1+ 22)
P’z, + P?z, + Q%z, + Q%z,
P221 + PZ(QZZZ) + QZ(PZZl) + Q222
=2+ (PQ)’z2 + (QP)’z1 + 2,
=z1+2,=2 [asPQ=0]

Hence z € Rp.q.
Thus z e Rp+ RQ —— = Rp+Q.
Therefore Rp+ Ro & Rpso. (iv)
From(iii) and (iv) we get,
Rp+Q = RP + RQ
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Nowletz € RyN Rg, then P’z=2, Q2 =z
Therefore z = P’z = P¥(Q%2)

= (P*Q%)z

= (PQ)’z

=0

Hence R, N Rg = {0}.

Therefore Rp.g =Ry, @ Rg.

Thus we see that with given conditions, PQ is also a trijection.
Theorem10: If E is a trijection on a Hilbert space H, then %A(E? + E) and % (E? — E) are also trijections whose
null spaces are Lg and Ls respectively.

Proof: We have,
[A4(E® + E)]? = Y(E? + E) . 5(E* + E)
=Y, (E* + E* + 2E%)
=1 (EE + E2 + 2E°)
= (E.E + E? +2E)
=Y, (2E + 2E)
Y(E? + E),

and,

[A(E? - E)]* = Y(E? - E) . %(E” - E)
v, (E* + E2- 2E%)
v, (EE + E?- 2E%)
Y, (E.E + E? - 2E)
=, (2E2 - 2E)
= Yy(E? - E),

also
[A(E? + E)]* = Y[(E)* + E*]
= Up(E? + E).
Thus ¥(E? + E) and ¥z (E* — E) are projections on H.
Hence they are also trijections on H. Moreover,

Ny + 5y = {2 : Y(E* + E) 2= 0}
={z:(E°+E)z=0}
={z:E%2=-Ez}
= L6.

and Nyg 5 ={z:%(E>-E)z=0}
={z:(E>-E)z=0}
={z:E%2=Ez=0}
= L5.
Theoreml1: If E;,E, are commuting trijections on a linear space H, then the A-range of E; coincides with the p-
range of E,, and vice-versa, if and only if
E, = -E12E2 and E, = 'E1E22.
Proof: Let the A-range of E; be L; and p-range of M; . Similarly we denote A and p - ranges of E,
by L, and M3 respectively.
LetL, c M, .
Let z be an element in H, then since E;z + E;%z is in Ly, it is also in M,.
Hence E; (Ez + E;%2) = -(E1z + E %2)
= E,Eiz+E,E’2+Eiz+E%Z=0
= E,E; +E,E°+E;+E*=0
Now if E, E; + E, E;>+ E;+ E;2= 0 and z be in L,, then
E;z=zandE,%z=z.
Since E, E,;z + E, E;%z + E;z + E;?2 = 0, we have
E, (E1z) + E»(Ei%2) +Eiz +Es%2=0
= E,z+E,z+z+2=0
= 2E22 +22=0
= E,z=-z
= Z e Mz.
Thusz e L1 >z € My
Hence L; & M..
Therefore Ly € M, < E, E; + E, E.?+ E; + E;2=0
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Let M, < L, Now forany z in H,

Ezz — EZZZ e Mz.

Ezz — EZZZ (S Ll

E; (EzZ - EZZZ) =E,z- EZZZ

El Ezz - El Ezzz = Ezz - E222

El Ez- El Ezz = Ez - Ezz.

1E,-E E,? =E, -E*and Z € My, then

E,z=-zand E)’z =z

E1E22 - E]_EZZZ = E22 - Ezzz

El (Ezz) - El(EZZZ) = E22 - E222

Ei(-2)-Eiz=-z-7 =>-2E;z=-2z

zZ € L.

Thus ze M, =1z € L.

Hence M, € L;.

Therefore M, € L; <= E, E, - E; E,2-E, + E,2=0.

Since E;, E; commute and L; = M,, we have
E.E,+E E,+E;+E? =0

and El E2 - E]_ E22- E2+ E22 = O

Therefore Li=M, <> -E, E, =E; + E;*+ E;*E,

=E’-E,-E,E> . @)

LU 2 BULLL

LetM; C L,.ForanyzinH.
Ez-E2Ze Mi=Ez-E%el,
= E,(Eiz-E’2) =E;z-E*z
= E;Eiz-E,E\%Z=E;z-Ez
= E,E, -E,E;’= E;- E2.
Now if E; E; - E, Es2=E; - E;%and z is in My, then
Eiz=-zandE’z=z
Since E,E;z-E,E’z=E;z-E;’z, we have
E2( Elz) - E2 (E]_ZZ) = E]_Z - E122
= E,(-2)-Eyz=-z-2
= -2E,z=-2z
= Ez=z
=7 € L,
Thusz € M; = z € L,.
Hence M; € L.
Therefore M; € L, <> E, E; - E, E.= E; - E2.
Similarly L, & My << E, E, + E; E2+ E,+ E,*= 0.
Since E;, E; commute and L, = M3, we have
L,=M; < -E,E, =E,*-E, + E/*E,
SE+EL+EE2 (ii)
Since L; = Myand L, = M;,
From (i) and (ii), we get
E2-E;+E2E,=E; + E+ E{2E,and
E2+ E22+ El E22= Ezz- Ez- E]_ Ezz.
Hence E; + E;°E,=0and E, + E; E,2=0
Therefore E; = - E;> E;and E, = - E; E,2
Conversely suppose E; = - E;* E;and E, = - E; E,% then
E12 - (_Elz E2 )2 - E14 E22
= El (El E22) = El('Ez) =- E1E2.
Hence E,’ = (-E; E»)* = E{*E,*= E,*E)?

=- E1 E2.
Therefore E,+ E; 2+ E;2E,= (E;+ E°E,) + Ef?
= E12
=- E]_ Ez.
and E)2-E,-E, E? = Ef; (E;+ EL E)
=E,
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=- El Ez.
Hence from (i), we have
Ll = Mz.
Again as,
Ei-Ei-ELE, =B~ (E1 + EL°E)
= El2
=-E1 B,
and E,+ E22+ E; Ezz = (E2+ ElEzz) + Ezz
= EZ2
=- El Ez.

Hence from (ii), we get,
L2 = Ml-
Thus we have proved,
Ll = M2 and L2 = Ml-
Thus the A — range of E; coincides with p-range of E, and vice-versa has been proved.

I11. CONCLUSION
In this way, | have introduced a new type operator, called “Trijection Operator” on a linear space. It is a
generalization of projection operator. | have studied and examined trijection in case of Hilbert space. Further |
have decomposed range of a trijection into two disjoint subspaces called p-range, A-range and studied their
properties.

An operator E on a linear space L is called a trijection if E* = E. It is a generalization of projection
operator in the sense that every projection is a trijection but a trijection is not necessarily a projection. Then a
trijection on a Hilbert space is an operator which is satisfying the condition and is also self-adjoint. Some
theorems concerning trijection operator on a Hilbert space have been proved.

If P and Q are the trijection on a closed liner a subspaces M and N of H, then

PQ is a trijection << PQ = QP,
Also in this case PQ is the trijection on M N N and Npg = Np + Ng,.
If E is a trijection on H, then %(E? + E) and ¥(E? — E) are also trijection whose all null spaces are: Lg = {z : E*z
=-Ez}and Ls= {z : E°z = Ez} respectively.

Next | have presented range of a trijection into two disjoint sub-spaces called p-range, A-range. These
ranges are defined as follows: If E is a trijection on a linear space H, then | can decompose range R into two
sub-spaces L and M such that L = {z : E(z) =z} and M = { Z.E(2) = -z} and L N M = {0}. I say L as A-range
and M as p-range of E. If E;, E; are commuting trijection on a linear space H, then the A—range of E; coincides
with the p-range of E; and vice-versa, if and only if, E; = -E;°E, and E, = -E,E,°.

Thus a new operator, trijection operator on a linear space has been studied with Hilbert space and two
disjoint subspaces p-range and A-range.
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