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-------------------------------------------------------ABSTRACT--------------------------------------------------- 

Non – trivial integral solutions for the binary quadratic  diophantine equation  
2 2

x p xy y N   , 

p  2 , N   0 (m o d  4 ) are obtained . The recurrence relations satisfied by the solutions along with a 

few examples are given. 
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I. INTRODUCTION 
 It is well known that binomial quadratic (homogeneous or non-homogeneous) Diophantine equations 

are rich in variety[1,2]. The authors have considered the equation  and analysed for its 
integer solutions[3]. In [4], non-trivial integral solutions for the binary quadratic  diophantine equation  

Nypxyx 4
22
 are obtained. In this communication, the non-trivial integral solutions for the binary 

quadratic  diophantine equation  
2 2

x p xy y N   , where  p  2  and  N   0 (m o d  4 ) have 

been obtained. Also the recurrence relations among the solutions are given. 

 

II. METHOD OF ANALYSIS 

The equation to be solved is  

2 2
x p xy y N   , p  2 , N   0 (m o d  4 )      (1)  

The substitution of the linear transformations 

 

 

 

2

2

u X p T

v X p T

  

  
   

 

inequation (1) leads to 

   
2 2 2

4 ( 4 ) 4X p T N        (2) 

 

Again, setting    2 ,X P 2T Q        

Equation (2) becomes 

    
2 2 2

4P p Q N         (3) 

where
2

4p   is a square free non zero integer. 
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Assume that the initial solution of equation (2) be  0 0
,Q P . 

 

 

Consider the Pellian 

 
2 2 2

4 1P p Q           (4) 

whose general solution ( , )
s s

Q P   is given by 
 

 
1

2 2

0 0
4  4  Q

s

s s
P p Q P p



       , 0 ,1, 2 , . . . .s     (5) 

in which   0 0
,Q P   is the least positive integral solution of  (4). 

 

Applying Brahmagupta’s lemma, the sequence of solutions of equation (3) are given by  

 

1 0 0

2

1 0 0
4

s s s

s s s

Q P Q Q P

P P P p Q Q





 

  

 


        (6) 

where 0 ,1, 2 , . . . . . . . .s   

 
 the sequence of solutions of equation (1) are given by 

2 2

1 0 0 0 0
2

1
4  4  

2 2 4
s

p
x P G p Q F P F p Q G

p


        
      



   

     (7) 

 

 

 

where    
1 1

2 2

0 0 0 0
4  4  

s s

F P p Q P p Q

 

       
 

   
1 1

2 2

0 0 0 0
4  4  ,  -1, 0 ,1, 2 , ...

s s

G P p Q P p Q s

 

          

Also the recurrence relations among the solutions are given by 

                (1)   
3 0 2 1

2 0
s s s

x P x x
  

    

                (2)   
3 0 2 1

2 0
s s s

y P y y
  

    

 

To analyze the nature of solutions, one has to go in for particular values of p and N . For the sake of simplicity 

and clear understanding, a few numerical examples are given below: 

 

 

 

 

 

 

 

 

 

 

 

 

 

2

1 0 0
2

1
4  

4
s

y P F p Q G

p


   
  


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Illustration :1.1 

p and N are both odd. 
  

Table 1.1(a) 

 3p  5N 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Observations :  

(1)   (m o d  5 )
i i

y x  

(2)   Each of the expressions 
2 2

2
i i

y x   and  
2 1 2 1

2
i i

y x
 

   is a perfect square. 

(3)   
1 1

0 (m o d  4 0 )
i i i i

x y y x
 

   

 

 

Illustration :1.2 

p is even and N  is odd 

Table 1.2 (b) 

 

 4p  1 3N   

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

i  i
x  

i
y  

0  1  4  

1  2 9  7 6  

2  5 2 1  1 3 6 4  

3  9 3 4 9  2 4 4 7 6  

4  1 6 7 7 6 1  4 3 9 2 0 4  

5  3 0 1 0 3 4 9  7 8 8 1 1 9 6  

6  5 4 0 1 8 5 2 1  1 4 1 4 2 2 3 2 4  

7  969323029  2537720636  

8  1 7 3 9 3 7 9 6 0 0 1  4 5 5 3 7 5 4 9 1 2 4  

9  3 1 2 1 1 9 0 0 4 9 8 9  
8 1 7 1 3 8 1 6 3 5 9 6

 

i  
i

x  
i

y  

0  

1  

2  

3  

4  

5  

6  

7  

8  

9  

1  

9  

1 2 7  

1 7 6 9  

2 4 6 3 9  

343177  

4 7 7 9 8 3 9  

6 6 5 7 4 5 6 9  

927264127  

1 2 9 1 5 1 2 3 2 0 9  

 

2  

3 4  

4 7 4  

6 6 0 2  

9 1 9 5 4  

1 2 8 0 7 5 4  

1 7 8 3 8 6 0 2  

2 4 8 4 5 9 6 7 4  

3 4 6 0 5 9 6 8 3 4  

4 8 1 9 9 8 9 6 0 0 2  
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Observations : 

(1)   
1

(m o d 8 )
i i

y y



 

(2)   
3 1 3 2

0 (m o d 1 0 )
i i

y y
 

   

(3)   (m o d 4 )
i i i i

x y x y  
 

(4)   
1

(m o d 2 )
i i

x x



 

(5)   
1 1

5 2 0
i i i i

x y y x
 

    

 

Illustration :1.3 

p and N are both even.  

    Table 1.3(c) 

 

4p  4N   

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Observations : 

(1)    
1 1

0 (m o d  1 6 )
i i i i

x y y x
 

   

(2)    (m o d  4 )
i i i i

x y x y    

(3)    
1

(m o d  4 )
i i

y y


  

(4)    
3 1 3 2

(m o d  4 )
i i

y y
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

i  
i

x  
i

y  

0  

1  

2  

3  

4  

5  

6  

7  

8  

9  

0  

8  

1 1 2  

1 5 6 0  

2 1 7 2 8  

302612  

4 2 1 4 8 4 0  

5 8 7 0 5 1 4 8  

817657232  

1 1 3 8 8 4 9 6 1 0 0  

 

2  

3 0  

4 1 8  

5 8 2 2  

8 1 0 9 0  

1 1 2 9 4 3 8  

1 5 7 3 1 0 4 2  

2 1 9 1 0 5 1 5 0  

3 0 5 1 7 4 1 0 5 8  

4 2 5 0 5 2 6 9 6 6 2  
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Illustration :1.4 

p is odd and N is even. 

                                                             Table 1.4(d) 

3p  4N   

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

Observations: 

(1)   
1 1

1 0 4
i i i

x y y
 

    

(2)   (m o d 4 )
i i i i

y x y x    

          In conclusion, one may search for other patterns of solutions and their corresponding properties. 
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i  
i

x  
i

y  

0  

1  

2  

3  

4  

5  

6  

7  

8  

9  

2  

5 4  

9 7 0  

1 7 4 0 6  

312338  

5 6 0 4 6 7 8  

100571866  

1 8 0 4 6 8 8 9 1 0  

3 2 3 8 3 8 2 8 5 1 4  

5 8 1 1 0 4 2 2 4 3 4 2  

 

6  

1 1 0  

1 9 7 4  

3 5 4 2 2  

6 3 5 6 2 2  

1 1 4 0 5 7 7 4  

2 0 4 6 6 8 3 1 0  

3 6 7 2 6 2 3 8 0 6  

6 5 9 0 2 5 6 0 1 9 8  

1 1 8 2 5 7 3 4 5 9 7 5 8  

 


